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PREFATORY NOTE 


During the course of the past five years the Department of Applied 
Statistics in the University of London (University College) has carried out a 
great deal of computing work of one kind or another bearing on special war 
problems of a physical character. Its members have been struck by the 
absence of any simple text-book for the use of computers and still more by 
the absence of obviously necessary auxiliary tables. The present series of 
Tracts for Computers will endeavour to fill this gap as far as it lies in our 
power. It will not concern itself with the higher mathematical theory, but 
solely with the practical difficulties of the computer, or rather such difficulties 
as we have met with in our own experience. The first tract will be followed not 
only by others containing recently computed tables or by the republication 
of old tables at present very inaccessible, but by tracts dealing with inter- 
polation, quadrature, mechanical integration, calculating machines, tabling 
machines, and bibliographies of memoirs and of tables having special value to 
the practical computer. In regard to the present tract, giving the values of 
the digamma and trigamma functions, we should ourselves have been saved 
many weeks of work had it been in existence four years ago. Further, we 
believe it will be of help not only in many physical problems, other than 
those we have had to deal with ourselves, but to the schoolmaster, who grasps 
the urgent importance of teaching practical mathematics to the modern school- 
boy. The table of logarithms is not the only table that a schoolboy should 
learn to handle. In most modern computing laboratories a table of logarithms 
is very rarely used—and when used it is generally one to 10 or 14 figures* 
where multiplications are necessary which exceed the range of the ordinary 
multiplying machine. Nowadays the schoolboy ought to be practised in 
computing, and this practice should run parallel with his algebraic work. 
He should be exercised in the use of tables which are not becoming obsolete 


* And where in seeking the antilog. the schoolboy’s knowledge of the process is idle! 
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2 PREFATORY NOTE 


like the smaller tables of logarithms. He comes at a fairly early stage to the 
summation of series and he is liable to regard certain series as unsummable 
because he has not approached them numerically, just as he unfortunately 
regards certain integrals as unintegrable, because he is not introduced at a 
quite early stage to graphical, mechanical and numerical methods of quadrature. 
The present tract covers a very wide class of numerically summable series, and 
we can conceive no better practice than the schoolmaster could provide for 
his pupils by teaching them to sum all such series by tabular aid. If the 
pupil be asked at the same time to compare the result obtained by summing 
directly 15 to 20 terms of the series set (using tables of logarithms if he 
likes !), he will have learnt during the process a good deal of the practical 
value of logarithms, of tests for convergency, of partial fractions, of inter- 
polation and of the value of tabular aids to the computer. He will further 
have realised that “proportional parts” are neither the sole nor necessarily 
adequate method of entering a table ;—a belief not indeed infrequently found 
to dominate the post-graduate as well as the schoolboy mind and probably 
arising from the same limitation of experience—the very words “ mathematical 
tables” being treated as synonymous with the smaller tables of common and 
trigonometrical logarithms. 


KA: 


August 1919. 
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TABLES OF THE DIGAMMA AND TRIGAMMA FUNCTIONS 
d d? 
dz 08 Y(+z) AND qe log (1 + 2), 
TO FACILITATE THE SUMMATION OF SERIES OF THE FORM 
y_ S$ At Ot + A.02 + 20. + Ont”? 
A (Pit + Gi) (Pot + Ge) «(pnt + Qn) 


By ELEANOR ParRMAn, M.A. 


In work recently undertaken by the Biometric Laboratory on the torsion- 
flexure of aeroplane propeller blades it was found necessary to sum a large 
number of series of the form 

2 O57 00+ 0,0 +. + One’ 
s== —— ae , 
i=1 (pit aF hh) ( por ote qo) tee ( Dnt oF In) 
where the a’s, p’s and q’s are numerical quantities, and any number of pairs 
of factors in the denominator may be equal. By multiplying numerator and 
denominator by a suitable numerical factor this can always be thrown into 


the form 


ee by + byt + dy? +... + Dmgon—t ; 

gar (04+7,:) (44 19)... (+m) (0 + 54)? GH 82)? 2. (OH Sn)? 
As it stands this series is only very slowly convergent, as many as from 60 to 
80 terms being sometimes required to calculate it to eight figure accuracy. 


S 


The expression can always be broken up into partial fractions and we have 


Se S Ar, Ay af Am &B, B, ae 4 Bn 
a=1 eee a+, 7% U+ Tin t+ 8, t+ 8, oa t+ Sy 

~ ae oe f+ a 

(44+ 8,)) (G48: 7 G+ Sn)’ 


where the A’s, B’s and C’s are readily determined. 
1—2 
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We cannot, however, re-arrange the terms in S and sum each of the series 
A, a8, 


1 . . 
Be cage : ..., > =~... Separately, since a series of the form 
(ray teenage Ma ra ee u y> 


See divergent. 
a+a 


Calling the ith term in the series v (7) we have 
ee Ap A B f ; Fs 
v(t) => + 7 4+ tn 4H * 4H Bu an ale 
ai | Oa etie Gsetian, tar Oars t+ Sy 
CI in ee 
(+s)? (+s, ~" +8) 


=A = - =) +4, ( 4 — 3) te + An ( -3) 


a+r, 0 ae © (payee 
il 1 1 I ii 1 
B (; Snes B. (, -3) soe (ee -F 
ed a+ Sy 3) + ‘ t+ So u a5 Te a+ Sn i) 
0, C, Cn 


G+sy* G+ay Gray 
1 
+2 (Ai + As + et Ant+B, + B+... + B,). 


Also. from the general theory of Partial Fractions we have* 
A,+A.,+...4+4A,4+B,4+B,+...4+B,=0, 


which gives’ v(#) =—= es Ast, Aint 
t@+n) t+) 1 (4+ 1m) 
Bis, Lins Biss 
SiC Hee ee) See) 
CQ, C; CF 


a= She eS ee ee ee 
(+5) (t+ 8) (t+ Sn) 
ihe 
bot bytt boi®@+ 0. + OF ope Cee 
(i+71) +72)... (+7) (i+ 81)? (¢+59)”... (i+8,)? 
Ay ie Ae es le, Bn Sie Ch Ab ie Cn 
Ut sy UT Sy (t+ 84)? es (i+8,)?’ 


tern a er, 


then 
Dot byt + bgt? +... + Dinton—20 tan? 
= Ay (i+11)... G+) (6 +51)? ... (7485p)? +... +Ag (671). (¢+7m-1) (t+ 81)?... (i+8,)2 
+ By (t+71) ... (64%) (6 +81) (+ 89)? ... (i 4+8,)? +... 
+B, (G+71) ... (i+ Mp) (6481)? ... (C4 Sy 1)? (7+ 8p)? 
+ Cy (@+74) ... (447) (E+ 80)... (748)? +... 4+ Cy (4414)... (t+) (6+ 81)? ... (6 +8,_1)?. 
Equating the coefficients of w”*2"—1 on each side of this identity we obtain the result 


4, +4o+...+4,,+ By + Bot... +B,=0. 
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are both absolutely conver ‘gent series. Hence 


2 tf 
A Scr erp, 
we can now re-arrange the terms of S and have 
coast S rae ne CoN ae An > ae 
5 BS ar oa x v rc ee = 2, a & + Sn) 
z : ieee ee 


=e ee ee 
a (t+) gar (+ So)? 


Now it is known* that 
d ss t 
ai 8 C(i+t)=-y+ Ra n(n+ 6)’ 
a? < 1 
ple t(l+t)= te ne 


where yy = Euler’s Constant = 0°5772157.... 


2 log (1 +n)+7}- 


Therefore 
d 
S=—A, lanes (+n)-+ 9} As lar 
ayy. bs la log iP (1 ate 9) az 1 


¢ log PL +5) +7} =... 


— B, {a5 08 P +8) + of - Be oO 


d 
—B 8 I (1 + Sp) + \ 
n ds, g n Nf 
fous Toe DG C + 84); 
aC, ds log .(1+5,) + C, ds og D1 + &) + 1. +* Cs Ae 
: d 
or putting Ke log TA +7) =F (%), 
qalogh (Ltn) =F (nyt, 
and remembering that A,+...+ Ayt+B,+...+B,=0, we have finally 
y= — A,F (r,) — ALF (rz) —... — AmF (rm) 
— B,F (s,) — B.F (s.) — ... — BaF (Sn) 
ae C,F (Sn), 


ROAR (aye O.E se 


* Gf Whittaker and Watson, Modern Analysis (2nd Hdition), § 12°16 
+ It is convenient to speak of these functions as the ‘‘digamma and trigamma functions 
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where F (a) and F (@) are the functions here tabled for values of « from #=0-00 
to w= 20:00, the increment in x being ‘02. 


The tables were calculated by means of the asymptotic expansions for the 
logarithmic derivates of the Gamma-function 


ne ete 

ia © og F(A +z) =log( +5 4t+S Or (1 +2) 
1 x Peng (eee. 

l42° 2(2+ 2) “yay Gay 


a 
EQ= 7 log + 2)= 
in conjunction with the formulae 


F(e-1)=-*+F (2), 


ei S+F (2) 


If values of the functions outside the range of the tables are desired they 
may be obtained from the first of these pairs of equations, or, alternatively, 
from the formulae 


i n—Il n—2 il 
F (ne) =logen + F (2 — - )+F (2- 5 )+..4F (2- D+F @ 
and 


I a n—2 1 
F(ne)= 55 F (2 = )+F(2- - J+ tt (e- Fer Oh, 


which are deduced from Gauss’ multiplication-theorem for the Gamma- 
function. 


This latter pair are the more useful for values of w lying between 20 
and 40. 
E.g. F (87°68) = log, 2 + 4 {F (18°34) + F (18'84)} 
= 69314718 
+ 1:46804980 
+ 148114342 
= 3°64244040 


} {F (18:34) + F (18'84)} 
7 Pern 

+ 05169480 
4 {10476091} 
(2619023. 


F (37°68) = 
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Besides the values of the functions there are tabled their second and 
fourth differences, and the formula of interpolation to be used is Everitt’s 
Central Difference aku 


J (a+ Ow) = Of, + bf, —- 8 (0-41) 84, + ($ +1) 84 


— fe D042) 84+ (b+ 20%; 
where @ = increment in # =-02, 
Ai=f (a+ :02), 
Go} 
6+o=1. 


E.g. —-F (8-615), 


a= 860. 0=3. b=}. 
F (8-615) F (8-615) 
= 1(2-20877652) + 2-4 HATO) = }(-10977999) — e | #106) 
+8 (221096971) +§(482)) + 8(-10953972) +4 (105) 
= 221042186. = 10959969. 


It was not discovered until the present tables were almost completed that 
a certain portion of the work had been already performed. Gauss ( Werke, 


Bd ul, pp. 161, 162, Gottingen, 1863 etc.) gives tables of © log T (1 +2) 


correct to 18 decimal places for values of z between 0 and 1, the increment in 
z being ‘01. Prof. G. N. Watson (Report of the British Association, 1916, 
pp. 125, 126) gives tables of the same function correct to 13 decimal places 
for all integers and halves of odd integers from 0 to 100. These two valuable 
tables have been made use of as a check on the present 8-figure tables, 


: a? 
So far as has been discovered there are no other tables of a log (1 +2). 


The following illustrations are some which have recently occurred in 
practice. They were previously calculated by the longer method, and the 
results obtained from the two methods agree exactly. 


2 1 
@ S=2 Gra a4) ues 
=: [3 1 hos! +a gar 
21/8443 44442 ° 2440 84044 
“Ah 1 eee 
~ 112¢4-75 1674+°50 967 327+1:00 


aby F (75) + ay F (50) — hy F (00) + ly F (1°00). 


TABLES OF THE DIGAMMA AND 
4.4.3 £.4.3.3.8 
F(75)=4{ 28980321) + =~" (22802) — “2 e a 
' 25508551 + 22161 + 26 
= 24744436 + 2810 — 1 =-24747 245. 
Hence S = -00228062 — 02062270 
601266 
1321201 
= 02150529 — 02062270 = 00088259. 


S 2 1 
UE Res (40 + 2) (40 +1) (40 + 8)? 


2 be eee See tel oe ad 
=5 | i i | 

Pp 

4 


joo 


tL 427 F441 44643" 24 8P 
Lf (50) == F(2h)2 Cro) ae CID 
F(25)=—i( -23949368) +( 54251) —,2, | 
+ °21554617 + 52024 +129 
= — ‘22751993 + 6642 — 3 =— 22745354. 
4( 23980321) +74 ( 22802) — 33, a 
+ 25508551 + 22061) + 26 
‘24744436 + 2810 — 1 =:24747245, 
F(-75)=4 { °76976109) —', (82695) +53, ( 75 
(+ 75852269) 31363 +70 
= 76414189 — 4004 + 2 =-76410187. 
Hence S=:00912249 — :04640108 


01421585 
‘02387818 


= 04721652 —-04640108 = 00081544. 
. 2 30 
(Qn) S=> (Gor4 29) 60: + 30) (G0. 4 BL)? 
ee an dl 
4 60i+29° 60i+30" 4 60c+31 2 (601431) 
=—4F (88) +2 F 88) — 8 F (94) + abo FBS) 


F (38) =F (48 +3 (-02)) 


F (75) 


I 


Ms 


@=1 


ae! ate 
= § (01762627) + ®8 ( 41(34312)) — ae 1260) 
+4 (03648997) ° 14 2 (38157) +48 


= ‘02077022 + 2352 — 1 = 02079373. 
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F (21) =F (50 + £(-02)) 
= 4 (03648997) + 8-8 (4 15} = ae 18 (55) 
+ § (05502211) + 11 (32056)| aaa 
= 05193342 + 2256 — 1 =-05195597, 
F (35) =F (50 + 8 (-02)) 
BLT EO: alt plat 
= | (93480220) — 6 | 2 (56379) Sent © 18(178) 
+ 8 (91850353) 11 (53685) fe +42 eee 
92121998 — 3801 + 2 = 92118199, 


jor 


Hence S = 01824499 — 00259922 
383826 1948349 
= '02208325 — ‘02208271 = ‘00000054. 
(iv) S= x : 


1 (20+ 1)(6i1—7) (67+ 18) 
- US ee dlp elie Des Lee mle 
i=l 102417 4106 —7 410° +13 2 10° (67+ 138) 


“aL 3° 0-3 (-3)- 5° CG) +25" (6): 
F(-P=$+F(-P=t+$+F® 
= 69 + F (82 + 2 (02)) 


2 5 
= 6'85714286 + 4 (-29962710) + 2 4 ae i ere) 
2 (31405886) + § (19845) 7 + § (20) 
= 685714286 + 30924827 + 2232 = 716641345. 
F (42) =F (2:16 + 4 (02)) 
a eal 
= 2 (98407878) + 2% ey 
+ 4 (99148578) + 4(5389) 
= 98654778 + 604 = 98655382. 
F (42) = F (2°16 + 4 (-02)) 
de: 
= 2 (37171057) — 6 | 5 taae 
+ 4 (36899640) + 4 (3897) 
= ‘37080585 — 438 = 37080147. 


Hence S= ae 01824499 — 89580168 
15450061 ‘36995768 


= ip ['17274560 — 126575936] = — 00109301. 


TABLES OF F(a) AND F (x) 2=0'00 to 2:00 


ei or) | el ee | eee ee 


=] 


"00 | —+57721566| 96198 | 399 | 1-64.493407 | 259920 | 1959 || 1-00 | -42278434 | 16166] -64493407 | 19760) 34 
02 | —+54478931 | 91192 | 362 | 1°59811819 | 240933] 1741 || 1:02 |+43560285 | 15777 | 63694941 | 19068} 31 
04 | —°51327488 | 86549 | 329 | 1°55371164 | 223686] 1551 || 1-04 | 44826358 | 15403 |-62915543|18406| 30 
-06| —-48262594 | 82234 | 300 | 1°51154195 | 207990 | 1385 || 1:06 | -46077029 | 15041 | -62154551|17775| 28 
"08 | — -45279934 | 78220 | 273 | 1-47145216| 193679 | 1240 || 1-08 | -47312659 | 14692 | 61411334 |I7171| 27 


*10| —-42375494 | 74479 | 251 | 1°43329915 | 180608 | 1111 || 1-10} -48533597 | 14354 | 60685287 | 16594] 25 
"12 | —+39545533 | 70988 | 229 | 1-39695222 | 168648] 999|| 1-12|-49740181 | 14028| -59975834 | 16042] 24 
*14| —:36786561 | 67727 | 210 | 1:36229177|157686| 899|| 1:14 | -50932737 | 13712 | 59282424 |15514| 23 
*16| —-34095315 | 64675 | 193 | 1:32920817|147624] 811]/ 1-16) -52111581 | 13407|+58604527 | 15009] 21 
-18| —-31468744 | 61816 | 178 | 1:29760082 | 138373] 733]|| 1:18|-53277018 | 13112|-57941640|14525| 20 


*20| —-28903990| 59135 | 164 | 1°26737721 | 129855| 663]|| 1°20]+54429344 | 12826] -572932760| 14001 | 19 
+22} — 26398370 | 50618 | 151 | 1:23845214|122000| 602]| 1-22] +55568843 | 12549|-56658973 |13616| 18 
I 
I 


Leal 


HHAHARA 


*24 | —°23949368 | 54251 | 140|1-21074707|114747| 546|| 1:24]-56695793 | 12281 | -56038287 | 13190| 17 
‘18418948 | 108041] 497|| 1°26|+57810463 | 12021 |+55430790| 12781| 17 
°15871230| 101832] 453||1-28|-58913110| 11770] 54836074 | 12388] 16 


*13425343| 96075] 413]| 1°30|-60003988 | 11526| +54253746|12012| 15 
*1I1075532| 90732| 378]|| 1°32 |-61083340 | 11289 | -53683430| 11650] 14 
-08816454| 85767| 346]| 1°34 |-62151403 | 11060] -53124763 | 11302] 14 
06643142] 81148| 317]| 1°36]-63208406 | 10837 | 52577398 | 10968] 13 
°04550978| 76845] 291 || 1°38] -64254572 | 10621] +52041001 | 10646] 12 


*40| —:06138454| 39572] 78] 1:02535659| 72833] 267]| 1°40]-65290117 | LO4II | -51515251 | 10337| 12 
*42| —:04107284 | 38153] 71|1:00593172| 69088] 246] 1-42 |-66315251 | 10207|-50999838 | 10040] II 
*44| —*02114267| 36806] 68] -98719773| 65588] 226]|| 1-44] -67330177 | 190009|-50494465| 9754| II 
-40 | —-00158056| 35528} 63] -96911962] 62315] 209]| I°46|-68335094| 9817]-49998845| 9478] Io 
-48 | +-01762627| 34312] 60] +95166466| 59250] 193]|1-48|-69330194| 9630]-49512704|] 9213] IO 


*50| +03648997 | 33157| 55| *93480220] 56379) 178]/1°50|+70315604| 9449]-49035776| 8957 
*52| +05502211| 32056] 52] -91850353] 53085] 165]||1°52|+71291685| 9272]|-48567804| 8711 
"54| °07323309| 31008] 49| -90274170| 51156) 152||1-54|+72258434| 9100|-48108543| 8473 
*56| *09113519| 30009} 46) -88749142| 48779] 142]|1-50)-73216083]| 8933)-47657755| 8244 
*58| +10873660| 29056] 43| °87272894] 46544] 131 || 1-58|-74164799| 8770|:47215211| 8023 


*60] +12604745|28146| 41] -85843189] 44440] 122]||1°60|-75104745| 8612|+46780689| 7809 
62) +14307684 | 27277| 39) *84457925| 42458| 113]/1-62|+76036079| 8458] -46353977| 7603 
64] +15983345|26447| 36) -83115118| 40590] 106]/1-64|-76958955| 8308]|-45934868| 7405 
766} +17632559] 25053| 34] -81812901| 38827 98 || 1:66] -77873523| 8162]-45523164| 7213 
*68] +19256120| 24893] 33] °80549511| 37162] 92]/1-68)+78779930| 8019|+45118672| 7027 
*70| +20854787| 24166| 30] -79323283| 35590] 85]|1°70|-79678317| 7881]|-44721207| 6848 
"72| +22429289| 23469| 29] -78132645| 34102 80 || 1-72 | -80568824 | 7745|+44330590| 6674 
*74| *23980321| 22802| 27] +76976109| 32695| 75/|/1°74|°81451585| 7614|-43946647| 6507 
*76| +25508551| 22101] 26] +75852269| 31363 70 || 1°76 | 82326733] 7485]|:43569211| 6345 
-78| +27014620]| 21546| 25] -74759791| 30100] 65]| 1-78) -83194396| 7360]-43198120| 6188 
*80| +28499143| 20957] 23) -73697414| 28903] 61]|1:80]-84054699| 7238]-42833216| 6036 
-82| +29962710| 20390] 22] -72663940] 27768] 57||1-82|-84907765| 7118|-42474349| 5889 
*84] -31405886|19845| 21] -71658233]| 26690 54|| 1°84 | -85753712| 7002|:42121371| 5747 
*86| -32829217| 19322] 20] -70079216] 25665] 51]/1:86|+86592658]| 6888]|-41774141| 5610 
*88] -34233226| 18819] 19] -69725865| 24692] 48)/1-88|-87424715| 6777|-41432520| 5476 
"90] +35618416) 18334) 18] -68797206| 23766] 45]||1-90|-88249995| 6669|-41096375| 5347 
*92| . +36985272| 17868] 17] -67892313| 22886] 42]|1-92|-89068606| 6564|-40765577| 5222 
°94| +38334261/ 17418] 16] +67010306] 22047] 40]|1-94|-89880653]| 6460]+40440001| 5100 
*96| +39665832| 16985] 16] -66150345| 21248} 37]|1:96|-90686240| 6359|-40119525| 4983 


*98| +40980417| 16568) 15] -65311633] 20487] 35]|| 1:98|-91485407| 6261/-39804031| 4869 
I:00| +42278434| 16166 "64493407 | 19700] 34 |] 2-00|-92278434| 6165|-39493407| 4758 
pe ee ee eee, 

Interpolation Formula: 


f(a +020) =$fo+ Of; -"8 UP +1) 5%fo + (8 +1) Of} 


0 (9 +1) ($ +1) 
Sot nee \(@+2 


*20| —+21554617 | 52024 | 129 
-28 | —-19211890| 49926 | 120 


*30| —-16919089 | 47948 | III 
*32| —+14674236| 46080 | 103 
"34 | —°12475463| 44316] 95 
*36| —-10321006| 42647| 89 
-38| —-08209196| 41068] 83 


Se a A 


ee eS Ss SS 


OBDBAAR AAUUNH UUNMNADA AANN WDOWO 


) d4fo +(9 +2) 64f,} where 6+¢=1. 
j g 


2°30 
2°32 
2°34 
2°36 
2°38 


2°40 
2°42 
aay 
2°46 
2°48 


2°50 
2°52 
2°54 
2°56 
2°58 


2:60 
2:62 
2°04 
2:66 
2°68 


2:70 
2°72 
2°74 
2°76 
2:78 
2°80 
2:82 
2°84 
2:86 
2°88 
2:90 
2°92 
2°94 
2:90 
2:98 
3:00 


Lon lo on a I eo Bo Lo A oe es es ca on A oe oe 


Se ee Ae 


Ln le Bl oe oe See eS 


HHRHH 


Lan) 


TABLES OF F(a) AND F(x) 


2=2°00 to 4:00 


Interpolation Formula: 
f(a +020) =O fot Of: — © ($+ 1) 8% +(8+1) 9%} 


4 POFDOFY 104 4.2) af, +(0 +2) S4f;} where 0+$=1. 


120 


2 2 2 
GC nee EC) a ae Be ae Be) 
92278434 | 6165) -39493407 | 4758 || 3:00 | 1:25611767 | 3201| -28382296 
*93005235 | 6071| -39187540 | 4650]|| 3-02 | 1-20177818 | 3166] -28223108 
"93845966 | 5979| -38886323 | 4546 || 3-04 | 1-26740703 | 3131 | +28065686 
"94620718 | 5889| -38589653 | 4445 || 3-06 | 1-27300457 | 3097| +27910000 
"95389582 | 5801 | -38297428 | 4347|| 3-08 | 1-27857114 | 3063| +27756022 
*96152644 | 5715| *38009550 | 4252 || 3-10 | 1:28410709 | 3029| °27603723 
96909992 | 5631| -37725923 | 4159]| 3:12 | 1-28961274 | 2997| -27453077 
"97661709 | 5549} 37446450 | 4069 || 3-14 | 1-29508843 | 2964} -27304056 
"98407878 | 5468) 37171057 | 3982|| 3-16 | 1-30053447 | 2933| °27150636 
99148578 | 5389| -36899640 | 3897]| 3:18 | 1:30595119 | 2901 | 27010790 
+99883889 | 5312| -36632119 | 3814|| 3-20 | 131133889 | 2871| -26866494 
00613888 | 5237) -36368413 | 3734 || 3°22 | 1:31669789 | 2840] -26723723 
01338651 | 5163| -36108440 | 3650|| 3-24 | 1-32202848 | 2811| -26582453 
702058250 | 5090| -35852123 | 3580|| 3-26 | 1:32733097 | 2781| -26442661 
02772759 | 5020| +35599385 | 3506]| 3:28 | 1-33260564 | 2752] -26304323 
"03482249 | 4950| +35350154 | 3434|| 3:30 | 1-33785279 | 2724| -26167418 
04186788 | 4882] -35104357 | 3364|| 3°32 | 1-34307270 | 2696| -26031923 
04886446 | 4816) +34861924 | 3296)| 3:34 | 1:34826565 | 2668| -25897817 
"05581287 | 4750) +34622788 | 3230] 3:36 | 1-35343192 | 2641) +25765078 
-06271379 | 4686| -34386881 | 3166]| 3-38 | 1:35857177 | 2615] -25633686 
-06956784 | 4624] -34154140 | 3103]| 3°40 | 1:36368548 | 2588] -25503621 
"07037565 | 4502) 33924501 | 3042 || 3-42 | 1-36877331 | 2562| -25374862 
-08313784 | 4502 | -33697905 | 2982]| 3-44 | 1-37383551 | 2537| °25247391 
"08985501 | 4443| *33474290 | 2924|| 3-46 | 1-37887235 | 2512| -25121187 
"09652775 | 4385 | °33253599 | 2867|| 3-48 | 1-38388407 | 2487] -24996233 
-10315664 | 4328] +33035776 | 2812|| 3-50 | 1-38887093 | 2462] -24872510 
*10974225 | 4273| °32820765 | 2759]|| 3°52 | 1°-39383316 | 2438] +24750000 
*11628513 | 4218| -32608512 | 2706]| 3-54 | 1-39877I0I | 2414| +24628685 
*12278583 | 4164| -32398966 | 2055]| 3°50 | 1°40368471 | 2391) +24508548 
-12924489 | 4112| +32192075 | 2605]| 3°58 | 1-40357450 | 2308] -24389572 
*13566284 | 4060} -31987790 | 2557|| 3°60 | 1°41344062 | 2345) +24271741 
-14204018 | 4009| -31786061 | 2510]|| 3°62 | 1-41828327 | 2323] -24155037 
14837743 | 3960| 31586842 | 2463|) 3°64 | 1-42310270 | 2301] +24039445 
-15467508 | 39II| *31390087 | 2418 || 3-66 | 1-42789913 | 2279| -23924949 
-16093363 | 3863] +31195749 | 2374|| 3°68 | 1°43267276 | 2258) -23811534 
*16715354 | 3816| +31003786 | 2331 || 3°70 | 1-43742381 | 2236| -23699184 
*17333529 | 3770 | °30814154 | 2289 || 3°72 | 1-44215250 | 2216| -23587885 
‘17947935 | 3724| °30626811 | 2248|| 3-74 | 1-44685903 | 2195| :23477622 
-18558617 | 3680] -30441717 | 2208]| 3-76 | 1-45154362 | 2175| -23368380 
‘19165619 | 3636| 30258831 | 2169]|| 3-78 | 1-45620645 | 2155| -23260146 
-19768985 | 3593| *30078114 | 2131} 3:80 | 1:46084774 | 2135| +23152906 
-20368758 | 3551) +29899529 | 2094 |) 3-82 | 1-46546768 | 2115 | -23046647 
-20964980 | 3509) -29723038 | 2058|) 3-84 | 1-47006646 | 2096| 22941354 
21557093 | 3468| +29548604 | 2022]! 3°80 | 1-47464428 | 2077| -22837014 | 
*22146937 | 3428) -29376193 | 1987|| 3°88 | 1-47920133 | 2059] -22733616 
*22732754 | 3389| -29205768 | 1953 || 3:90 | 1-48373779 | 2040| -22631146 
23315181 | 3350| °29037298 | 1920]| 3-92 | 1-48825385 | 2022| -22529592 
23894258 | 3312| °28870747 | 1888]| 3:94 | 1-49274969 | 2004| +22428942 
-24470024 | 3275| *28706084 | 1856]| 3:96 | 1-49722549 | 19860| -22329184 
*25042514 | 3238| :28543277 | 1825]|| 3-98 | 1-50168142 | 1969| -22230305 
"25011707 | 3201 -28382296 | 1795]|| 4:00 | I-50611767 | 1952] :22132296 
i 


869 | 


TABLES OF F(a”) AND F (x) 2=4:00 to 6:00 


PAC MC ZC MAS enc fs) een 


4:00 | 1°50011767 | 1952] +22132296 | 857 || 5:00 | I-70611767 | 1312| +18132296 | 473 
4°02 | 151053440 | 1935| +22035143 | 846 || 5-02 | 1-70973759 | 1302| +18066952 | 468 
4°04 | I*51493178 | 1918] +21938836 | 835 || 5:04 *71 334448 | 1293| +18002076 | 463 
4°00 | 1-51930999 | I901| -21843364 | 824 || 5:06 | 1-71693845 | 1284] 17937663 | 458 
4:08 | 1:52366918 | 1885| -21748717 | 814 || 5:08 *72051958 | 1275| +17873709 | 453 


4°10 | 1:52800953 | 1869| +21654883 | 803 || 5:10 -72408796 | 1266| -17810208 | 448 
4°12 | 1°53233119 | 1853] +21561852 | 793 || 5°12 | 1°72764369 | 1257) *17747155 | 444 
4°14 | 1°53663432 | 1837| -21469614 | 783 || 5°14 | 1°73118685 | 1248| -17684546 | 439 
4°16 | 1°54091909 | 1821) -21378160 | 773 || 5:16 *73471754 | 1239| +17622376 | 435 
4:18 | 1°54518564 | 1806] -21287478 | 763 || 5:18 *73823583 | 1230| +17560640 | 430 


4:20 | 1754943413 | 1791| +21197560 | 754 || 5:20 | 1°74174182 | 1222| -17499335 | 425 
4°22 | 1:55306471 | 1776| 21108395 | 744 || 5°22 | 1°74523559 | 1213| *17438455 | 421 
4°24 | 1°55787754 | 1761| +21019975 | 735 || 5°24 | 1°74871723 | 1205| +17377990 | 417 
4:20 | 1:56207275 | 1746| -20932290 | 726 || 5:26 | 1-75218682 | 1197) 17317954 | 412 
4:28 | 1:56625050 | 1732| +20845331 | 717 || 5:28 75504444 | 1188] -17258324 | 408 


4°30 | 1°57041093 | 1718] -20759089 | 708 || 5:30 ‘75909018 | 1180) -I17199103 | 404 
4°32 | 1°57455418 | 1704| -20673555 | 700 || 5°32 *76252411 | 1172| -17140286 | 400 
4°34 | 1:57808040 | 1690] -20588721 | 691 || 5°34 -76594032 | 1164| -17081869 | 396 
1°58278972 | 1676| +20504578 | 683 +76935688 | 1156) :17023847 | 392 
1°58688228 | 1662] :20421117 | 674 ‘77275588 | I149| -16966218 | 388 


1°59095821 | 1649] +20338331 | 666 ‘77614340 | I14I| 16908976 | 384 
1°59501705 | 1636| -20256212 | 658 -77951950 | 1133| :16852119 | 380 
I°59906074 | 1623] -20174751 | 650 -78288427 | 1126| -16795642 | 376 
1'60308760 | 1610} -20093940 | 643 -78623778 | 1118| +16739541 | 373 
1:60709836 | 1597] +20013772 | 635 -7895801I | IIII| -16683813 | 369 


‘OI109315 | 1584] -19934239 | 628 *79291133 | 1104] +16628454 | 365 
*61507210 | 1572| -19855333 | 620 *79623152 | 1096] +16573460 | 362 
‘61903532 | 1560] -19777048 | 613 *79954074 | 1089} -16518828 | 358 
*62298296 | 1547] -19699376 | 606 -80283907 | 1082] -16464554 | 355 
“62691511 | 1535] *19622310 | 599 *80612658 | 1075] -16410635 | 351 


*63083192 | 1523] +19545843 | 592 *80940335 | 1068] -16357067 | 348 
03473349 | 1512] -19469967 | 585 ‘81266943 | 1061 | -16303847 | 344 
"63861995 | 1500| +19394677 | 578 ‘81592491 | 1054| *16250971 | 341 
64249140 | 1488] -19319964 | 572 "81916985 | 1047| -16198437 | 338 
64634797 | 1477| *19245824 | 565 "82240431 | 1041 | -16146240 | 335 


*65018977 | 1466] -19172249 | 559 *82562836 | 1034] +16094378 | 331 
‘05401691 | 1455] *19099232 | 552 *82884208 | 1027| +16042848 | 328 
-05782950 | 1444] +19026768 | 546 *83204552 | 1021} -15991646 | 325 
-66162765 | 1433] -18954850 | 540 *83523876 | 1014] -15940768 | 322 
*66541147 | 1422| +18883472 | 534 *83842185 | 1008| +15890213 | 319 
‘66918107 | 1412] -18812629 | 528 *84159487 | 1002| +15839977 | 316 
1-67293056 | T401| -18742313 | 522 84475787 |* 995| °15790057 | 313 
1:67667803 | 1391} 18672520 | 516 *8479109I | 989| +15740450 | 310 
1:68040560 | 1380] -18603243 | 511 *85105407 | 983| 15691153 | 307 
168411937 | 1370] *18534476 | 505 '85418739 | 977| *15642163 | 304 


Ln le oe le See A Se Le oe oe Be | 
Lon A oon oe oe Ls A oe Bl oe oe | oe Be SS SS Ln A oe oe oe Ln on oe Be | Le A aoe oe Be Ls Bl oe oe 


4 
MDLRNO WODANO WADLNO WDHL NO WOFRNO WO 


COR ND DOORN O WBOKR NO WARNO WORN WOAH NO WOO 
MWDHMMMD NININAIN DADADADAD rUnrnn fHfPAA Ww 
HAHA AR 


A RARAA AAAAA RAAAA AAAAA ARAAA HAAAA FH 
0 OOOO O DHMMM INNINWD DADDAD UUnrrnn fHPAB ww 


1°68781943 | 1360] -18466215 | 500 90 | 1°857310905 | 971] °15593477 | 302 
169150588 | 1350| +18398454 | 494 92 | 1:86042480 | 965) -15545093 | 299 
1769517884 | 1340] -18331186 | 489 94 | 1°86352901 | 959| +15497008 | 296 
1:69883839 | 1331 | -18264408 | 483 || 5-96 | 1:86662363 | 953) -15449219 | 293 
1-70248464 | 1321] -18198112 | 478 || 5-98 | 1:86970872| 947] -15401723 | 291 
© | 1°70611767 | 1312| +18132296 | 473 || 6:00 | 1°87278434 | 941] +15354518 | 288 


Interpolation Formula: 


f(a +020) = fy + Of, ~ © 4g +2) 8%, +(0-+1) 3%} 
0G (8 +1) ($+1) \(¢ +2) 54fy 


ane +(@+2) 64f,} where 6+¢=1. 


TABLES OF F(x) AND F(x) 2=6'00 to 8:00 


x Fi | ® E (x) ie: PG em ee E (x) I 


| 6-00 | 1-87278434 | 941 | -15354518 | 288 || 7-00 | 2:01564148 | 708 | -13313701 | 188 

6:02 | 1-87585054 | 935 | -15307600 | 285 || 7-02 | 2:01830068 | 704 | -13278396 | 186 
6:04 | 1-87890739 | 930 | -15260968 | 283 |, 7:04 | 2:02095285 | 700 | +13243277 | 185 
6:06 | 1-88195495 | 924 | +15214619 | 280 || 7:06 | 2:02359801 | 697 | -13208343 | 184 
6-08 | 1-88499326 | 919 | -15168550 | 278 || 7-08 | 2:02623620] 693 | -13173593 | 182 


6-10 | 1-88802239 | 913 | :15122758 | 275 || 7:10 | 2:02886746 | 690 | -13139025 | 181 
6-12 | 1-89104238 | 908 | -15077242 | 273 || 7:12 | 2:03149182]| 686 | -13104637 | 179 
6-14 | 1°89405330 | 902 | +15031998 | 270 || 7:14 | 203410932 | 682 | 13070429 | 178 
6°16 | 1-89705520 | 897 | +14987024 | 268 || 7:16 | 2:03672000 | 679 | -13036398 | 177 
6-18 | r-90004813 | 891 | +14942318 | 265 || 7-18 | 2:03932390! 675 | -13002545 | 175 


6:20 | 1-90303214 | 886 | -14897878 | 263 | 7:20 | 2-04192103 | 672 | -12968866 | 174 
6:22 | 1-90600730 | 881 | -14853701 | 261 || 7:22 | 204451145 | 668 | -12935361-| 172 
6:24 | 1:90897364 | 876 | -14809784 | 258 || 7:24 | 2:04709519 | 665 | +12902028 | 171 
6:20 | I-91193123 | 871 | -14766120 | 256 || 7:26 | 2-04967228 | 662 | -12868867 | 170 
6:28.| r-914880r1 | 865 | -14722725 | 254 | 7:28 | 205224275 | 658 | -12835875 | 168 
6-30 | 1:91782034 | 860 | +14679577 | 252 | 7:30 | 205480664 | 655 | -12803052 | 167 
6-32 | 1-92075196 | 85 "14636681 | 250 || 7°32 | 2:05736398 | 651 | -12770396 | 166 
6-34 | 1-92367502 | 851 | -14594034 | 247 | 7°34 | 2:05991481 | 648 | -12737906 | 165 


ee) 
nr 
nr 


36 | 1-92058959 | 846 | +14551635 | 245 | 7°36 | 2:06245915 | 645 | *12705581 | 163 
38 | 1-92949569 | 841 | +14509481 | 243 || 7-38 | 2-:060499705 | 642 | -12673419 | 162 
40 | 1°93239340 | 836 | +:14467570 | 241 | 7°40 | 200752853 | 638 | :126414I9 | 161 
42 | 1:93528274 | 831 | +14425900 | 239 || 7°42 | 2:07005363 | 635 | -12609581 | 160 
44 | 1-93816377 | 826 | -14384469 | 237 || 7°44 | 2°07257237 | 632 | 12577902 | 159 
-40 | 1-94103654 | 822 | -14343275 | 235 || 7°46 | 207508480 | 629 | 12546382 | 157 
48 | 1-94390110 | 817 | 14302316 | 233 || 7°48 | 2:07759094 | 626 | -12515019 | 156 
*50 | 1:°94675748 | 812 | :14261590 | 231 || 7°50 | 2-08009082 | 623 | -12483812 | 155 
I-94960575 | 808 | -1422T094 | 229 52 | 2:08258447 | 619 | -12452760 | 154 
1:95244594 | 803 | -14180828 | 227 || 7°54 | 2:08507193 | 616 | -12421862 | 153 
I°95527810 | 799 | +14140788 | 225 50 | 2:08755323 | 613 | -12391117 | 152 
I-95810227 | 794 | :I14100974 | 223 58 | 2-09002839 | 610 | -12360524 | 151 


I-96091850 | 790 | :14061383 | 221 | 
1'96372684 | 785 | :14022013 | 219 
1:96652732 | 781 | °13982863 | 218 
I:96932000 | 776 | -13943930 | 216 
I-Q7210491 | 772 | -13905214 | 214 
1:97488209 | 768 | -13866711 | 212 
I'97705160 | 764 | :13828420 | 211 
1:98041348 | 760 | -13790341 | 209 
1-98316775 | 755 | °13752470 | 207 
1-98591448 | 751 | *13714806 | 205 | 


1-98865369 | 747 | *13677347 | 204 | 
1-99138543 | 743 | *13640093 | 202 | 
I:99410974 | 739 | *13603040 | 200 
1:99682666 | 735 | +13506188 | 199 
1°99953623 | 731 | *13529534 | 197 
2:00223849 | 727 | 13493078 | 196 
2:00493347 | 723 | *13456818 | 194 | 
2°00762123 | 719 | -13420752 | 193 
2°01030179 | 716 | +13384878 | Ior 
2°01297519 | 712 | *13349195 | 190 
2°01564148 | 708 | *13313701 | 188 


ie) 


209249745 | 607 | -12330081 | 149 
2'09496043 | 604 | -12299788 | 148 
2°09741737 | 601 | -12269642 | 147 
2:09986830 | 598 | -12239644 | 146 
2°10231324 | 596 | -12209793 | 145 


*10475222 | 593 | ‘12180086 | 144 
"10718528 | 590 | -12150523 | 143 
‘10961244 | 587 | -I2121II03 | 142 
"11203373 | 584 | -12091826 | 141 
‘11444918 | 581 | -12062689 | 140 


*I1685882 | 579 | -12033692 139 
‘11926267 | 570 | -12004834 | 138 
"12166076 | 573 | *I1g76114 | 137 
"12405312 | 579 | *11947530 | 136 
-12643978 | 568 | -11919083 | 135 
‘12882077 | 565 | -11890771 | 134 
‘13119610 | 562 | -11862593 | 133 
*13350581 | 560 | -11834548 | 132 
"13592993 | 557 | *11800635 | 131 
'13828847 | 554 | -11778853 | 130 
*14064148 | 552 | 11751201 | 129 
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Interpolation Formula: 


f(a +020) =$f)+ Of, — © {(G-+1) fy +(0-+1) 5%} 


p PEFEED (5 + ay rf, 


+(0+2) 64f,} where 6+@=1. 


TABLES OF f (a) AND F (2) 


#=8:00 to 10:00 


62 62 62 62 

46 Fa) a F (¥) in # Ee) o F (*) 4 
8-00 | 2°14064148 | 552 | *I1I751201 | 129 || 9:00 | 2:25175259| 442 | -10516634 | 93 
8-02 | 2:14298896 | 549 | *11723679 | 128 || 9:02 | 2:25385371 | 440 | -10494580 | 92 
8:04 | 2:14533096 | 547 | °11596286 | 128 || 9:04 | 2:25595043| 438 | +10472619 | 92 
8-06 | 2'14766749 | 544 | *11669020 | 127 || 9:06 | 2-25804276| 436 | -10450750 | 91 
8-08 | 2°14999857 | 542 | *11641880 | 126 || 9:08 | 2:26013073 | 435 | 10428971 90 
8:10 | 2°15232425 | 539 | -11614867 | 125 || g-Io | 2:260221436| 433 | 10407283 | 90 
8-12 | 215464453 | 537 | -11587978 | 124 || 9-12 | 226429365 | 431 | -10385685 | 89 
8-14 | 2'15695945 | 534 | ‘11561214 | 123 || 9:14 | 220636864 | 429 | -10364176 89 
8-16 | 2:15926902 | 532 | *11534572 | 122 |} 9:16 | 2:26843933 | 427 | -10342757 88 
8:18 | 2:16157328| 529 | -11508053 | I2I || 9:18 | 2:27050575 | 426 | :10321425 88 
8:20 | 2:16387225 | 527 | 11481656 | 121 |] 9:20 | 2:27256790 | 424 | *10300181 87 
8:22 | 2°16616595 | 524 | *11455379 | 120 || 9:22 | 2-27462582 | 422 | -10279025 87 
8:24 | 2°16845441 | 522 | -11429222 | I19Q || 9:24 | 2-27607952 | 421 | -10257955 86 
8-26 | 2:17073765 | 519 | -11403184 | 118 || 9-26 | 2:27872901 | 419 | -10236971 | 86 
8-28 | 2:17301569 | 517 | °11377265 | 117 || 9:28 | 2:28077431 | 417 | -10216073 | 85 
8-30 | 2°17528856 | 515 | -11351463 | 117 || 9°30 | 2-28281545 | 415 | -10195260 | 85 
8°32 | 2:17755029| 512 | *11325777 | 116 || 9:32 | 2°28485242 | 414 | -10174531 84 
8-34 | 2:17981888 | 510 | -11300208 | II5 || 9:34 | 228688526 | 412 | -10153887 84 
8-36 | 2°18207638 | 508 | +11274753 | 114 || 9°36 | 2:28891398] 410 | +10133326 83 
8-38 | 2-18432879] 506 | -11249413 | II4 || 9:38 | 2-29093860| 409 | -1tor12848 | 82 
8-40 | 2:18657615 | 503 | -11224186 | 113 || 9:40 | 2:29295913| 407 | *10092452 82 
8-42 | 218881847] 501 | -11199072 | II2 |] 9:42 | 2:29497559} 405 | *10072139 81 
8-44 | 2*19105579 | 499 | -I1174070 | III || 9-44 | 2-29698799 | 404 | :10051907 | 81 
8-46 | 2:19328811 | 497 | -I1I49179 | III || 9°46 | 2:29899635 | 402 | -10031756 | 81 
8-48 | 2°19551547| 494 | -11124399 | IO || 9:48 | 2-30100070| 4or | -10011686 | 80 
8-50 | 2:19773788 | 492 | -11099729 | I09 || 9:50 | 2:30300103 | 399 | 09991696 | 80 
8-52 | 2°19995536] 490 | -11075168 | 108 || 9-52 | 2:-30499738 | 397 | -09971785 | 80 
8-54 | 2°20216795 | 488 | -11050715 | 108 || 9°54 | 2:30698975 | 396 | :09951954 | 79 
8-56 | 220437506 | 486 | -11026369 | 107 || 9:56 | 2:30897817 | 394 | -09932201 78 
8:58 | 2:20057851 | 484 | -I1002131 | 106 || 9-58 | 2:31096264 | 393 | :09912526 78 
8:60 | 2:20877652 | 482 | -10977999 | 106 || 9:60 | 2:31294318 | 391 | :09892929 TT. 
8-62 | 2°21096971 | 479 | -10953972 | 105 || 9:62 | 2°31491982 | 390 | -09873410 FE 
8-64 | 2°2131581I | 477 | -10930050 | 104 || 9°64 | 2:31689255 | 388 | :09853967 70 
8-66 | 2:21534174 | 475 | -10906233 | 103 || 9-66 | 2-31886141 | 387 | -0983460r 76 
8-68 | 2:21752061 | 473 | -10882519 | 103 || 9:68 | 2°32082640 | 385 | :09815310 75 
8-70 | 221969475 | 471 | -10858907 | 102 || 9:70 | 2°32278754 | 384 | -097960905 | 75 
8-72 | 2:22186418 | 469 | -10835398 | IOz|| 9-72 | 2°32474484 | 382 | :09776955 | 75 
8:74 | 2°22402892 | 467 | -IO8I1Q90 | IOI || 9-74 | 232669832 | 381 | -09757800 | 74 
8-76 | 2:22618899 | 465 | -10788683 | I00 || 9:76 | 2:32864800 | 379 | :09738898 | 74 
8-78 | 2:22834440 | 463 | 10765477 | 100 || 9:78 | 2°33059389 | 378 | :097199081 73 
8-80 | 2:23049518 | 461 | -10742369 99 || 9:80 | 2°33253600 | 376 | :09701137 73 
8-82 | 2°23264135 | 459 | ‘10719361 | 98 || 9°82 | 2°33447435 | 375 | -09082305 | 72 
8-84 | 2:23478293 | 457 | -10096451 | 98 || 9°84 | 2-33640895 | 373 | -09663066 | 72 
8-86 | 2-23691994 | 455 | :10673639 | 97 || 9:86 | 2-33833982 | 372 | :09645039 | 72 
8:88 | 2:23905240 | 453 | *10650923 96 |) 9:88 | 2:34026697 | 370 | :09626484 71 
8-90 | 2°24118032 | 451 | -10628304 96 |} 9:90 | 2°34219042 | 369 | -0g608000 | 71 
8:92 | 2°24330372 | 450 | -10605781 95 || 9°92 | 2734411018 | 368 | -09589587 | 70 
8-94 | 2°24542264 | 448 | -10583353 | 95 || 9°94 | 2°34602626 | 366 | -09571244 | 70 
8-96 | 2°24753707 | 446 | *Io561019 | 94 || 9°96 | 2:34793868 | 365 | :09552971 | 70 
8:98 | 2:24964705 | 444 | +10538780 | 93 || 9°98 | 2-34984745 | 363 | :09534768 | 69 
9°00 | 2°25175259.| 442 | *10516634 93 ||L0°00 | 2°35175259 | 362 | -09516634 69 


Interpolation Formula: 


f(a +°020) =ofo + Of, - a {(p +1) 6%) +(0 +1) 52f,} 


0 o{f, C = 
oe +2) 04f,| where 6+¢=1. 


TABLES OF F (x) AND F (a) 


#=10:00 to 12°00 


i ee eae ee oe ean = a |e is re = ee le nae 
’ 62 ; 62 ; ; 62 62 
x F (x) eae eg F (x) 2 F (x) a 
10°00 | 2°35175259 | 362 | -09516634 69 II-00} 244266168 | 302 | :08690187 52 
10°02 | 2°3536541I | 361 | :09498568 68 II-02| 2°44439821 | 301 | :08675119 52 
10°04 | 2°35555202 | 359 | -09480571 68 || [1:04] 2°44613173 | 300 | -08660103 | 52 
10:00 | 2°35744634 | 358 | -09462642 | 68 |] 11-06] 2:447860225 | 299 | 08645139 | 52 
10°08 | 2-35933708 | 357 | -09444781 | 67 || 11-08] 2-44958979 | 298 | -08630226 | 51 
IO°1O | 2°36122426 | 355 | -09420987 | 67 || 11-10] 2-45131435 | 297 | 08615365 | 51 
10°12 | 2-36310788 | 354 | -09409260 | 67 || 11:12] 2-45303594| 296 | -08600554 | 51 
10°14 | 2°36498797 | 353 | -09391599 | 66 || 11-14] 2-45475457| 295 | -08585795 | 51 
10-16 | 2:36686453 | 351 | 09374005 | 66 |] 11-16] 2-45647026| 294 | -08571086 | 50 
To-18 | 2-36873757 | 350 | -09350476 | 65 |] 11-18] 2-45818301 | 293 | -08556427 | 50 
10-20 | 2°37060712 | 349 | -09339013 05 I1I‘20| 2°45989283 | 292 | -08541819 50 
10°22 | 2°37247318 | 347 | -09321614 | 65 |] 11:22] 2°-46159974]| 291 | :08527260-7 50 
10°24 | 2°37433577 | 346 | :09304280 | 64 | 11:24] 2-46330374 | 290 | -08512750 | 49 
10-26 | 2:37619490 | 345 | -og287011 64 || T1:20] 2°46500485 | 289 | -08498290 49 
10:28 | 2:37805058 | 343 | -09269806 | 64 || 11:28] 2-46670306 | 288 | -08483879 | 49 
10°30 | 2-37990283 | 342 | -09252664 | 63 || 11:30] 2:46839840 | 287 | -08469517 | 49 
10°32 | 2°38175165 | 341 | -09235585 | 63 || 11-32] 2:47009087 | 286 | -08455203 | 48 
10°34 | 2°38359706 | 340 | -09218569 | 63 || 11°34] 2°47178048 | 285 | -08440938 | 48 
10°36 | 2-38543908 | 338 | -og201616 | 62 || 11-36) 2-47346725 | 284 | :08426720 | 48 
10-38 | 2-38727771 | 337 | -09184725 | 62 || 11-38) 2°47515118 | 283 | 08412551 48 
10°40 | 2-38911297 | 336 | -og167896 | 61 || 11:40] 247683227 | 282 | -08398428 | 47 
10-42 | 2:39094488 | 335 | -ogI51128 | 61 || 11:42] 2°47851055 | 281 | -08384354 | 47 
10°44 | 2°39277343 | 334 | :09134422 61 || 11-44| 2:48018602 | 280 | -08370326 | 47 
10-46 | 2°39459865 | 332 | -09117776 60 || 1:46] 2:48185868 | 279 | -08356345 47 
10°48 | 2:39642054 | 331 | -ogIor1gI 60 || 11-48] 2°48352856 | 278 | 08342410 | 46 
10°50 | 2:39823913 | 330 | -09084666 | 60 || 11-50] 2°48519565 | 277 | :08328522 | 46 
10°52 | 2°40005442 | 329 | -0go068201 60 || 11°52] 2°486085997 | 276 | :08314681 40 
10-54 | 2-40186641 | 328 | -09051796 | 59 || 11°54] 2°48852153 | 275 } -08300885 | 46 
10-56 | 2°40367514 | 326 | -09035449 | 59 || 11:50] 2°49018033 | 275 | :08287134 | 45 
10°58 | 2:40548060 | 325 | -ogorgt62 59 || 11:58] 2°49183638 | 274 | 08273430 | 45 
10°60 | 2°40728281 | 324 | -09002933 | 58 || 11-60] 2:49348970 | 273 | :08259770 | 45 
10-62 | 2:40908177 | 323 | -08986762 | 58 |; 11°62| 2°49514029 | 272 | -08246155 | 45 
10-64 | 2*41087751 | 322 | -08970650 | 58 || 11:64] 2°49678817 | 271 | -08232586 | 45 
10:66 | 2°41267004 | 321 | :08954595 | 57 || 11:66] 2°49843333 | 270 | -08219060 | 44 
10-68 | 2:41445930 | 319 | -08938597 | 57 | 11-68 | 2°50007579 2609 | -08205580 | 44 
10-70] 2°41624548 | 318 | -08922656 | 57 II-70| 2°50171557 | 208 | -08192143 | 44 
10°72 | 2-41802842 | 317 | -08906772 | 56 || 11-72] 2750335205 | 2607 | -08178750 | 44 
10°74 | 2°41980819 | 316 | -08890945 56 || 11-74] 2°50498707 | 267 | -08165401 43 
10°76 | 2°42158480 | 315 | -08875173 56 || 11°70] 2:50061882 | 266 | -08152095 | 43 
10°78 | 2:42335827 | 314 | -08859458 | 56 || 11:78] 2:-50824791 | 205 | 08138833 | 43 
10°80 | 2°42512859 | 313 | -08843798 | 55 | 11°80] 2°50987435 | 264 | -08125613 | 43 
10°82 | 2:42689579 | 312 | -08828193 | 55 || 11°82| 2:51149816| 263 | -08112437*| 43 
10°84 | 2:42865987 | 310 | -08812643 | 55 || 11°84] 2751311933 | 262 | -08099303 | 42 
10-86 | 2:43042085 | 309 | :08797148 | 54 || 11:80] 2°51473788 | 261 | -08086212 | 42 
10-88 | 2:43217874 | 308 | -08781707 | 54 || 11°88] 2°51635382 | 261 | -08073162 | 42 
10-90 | 2°43393354 | 307 | -08766320 | 54 || 11:90] 2°51796715 | 260 | -o8060155 | 42 
10:92 | 2°43568527 | 306 | -08750987 | 54 || 11:92] 2°51957788 | 259 | :08047190 | 42 
10°94 | 2°43743394 | 305 | 08735708 | 53 || 11:94| 2°52118603 | 258 | -08034266 | 41 
10°96 | 2-43917955 | 304 | :08720481 | 53 || 11:96| 2°52279159| 257 | 08021384 | 41 
10:98 | 2-44092213 | 303 | :08705308 | 53 || 11:98] 252439459 | 256 | :08008543 | 41 
II-00 | 2°44266168 | 302 | -o8690187 | 52 || 12:00] 2°5259950T | 256 | -07995743 41 


Interpolation Formula: 


f(a +020) =ofy + Of, — “© 1(p +1) 8%, (047) 8%} 
MET AG Eady 


I20 


(+2) Hf) +(@+2) 4f,} where 6+p=1., 


TABLES OF F(a”) AND F (x) 2 =12'00 to 14:00 


x Fah St cei Sealine F (x) FG). siya 


12°00 | 2°52599501 | 250 | -07995743 41 || 13:00] 2:60291809 | 219 | -07404027 32 
12°02 | 2°52759289 | 255 | :07982984 | 41 || 13°02] 2:-60439780 | 219 | :07393084 | 32 
12°04 | 2°52918821 | 254 | :07970265 | 40 || 13°04] 2:60587533 | 218 | :07382174 | 32 
12:06 | 2:53078099 | 253 | :07957587 | 40 |} 13:06] 2:60735067 | 217 | :07371295 32 
12°08 | 253237125 | 252 | 07944949 | 40 || 13:08] 2:60882385 | 217 | :07360449 | 32 


I2-I10 | 2°53395898 | 252 | :07932351 40 || 13°10] 2°61029485 | 216 | -07349635 32 
12°12 | 2°53554419 | 251 | -07919793 | 40 || 13:12] 2:61176370 | 215 | -07338852 | 32 
12:14] 2°53712090 | 250 | :07907275 | 39 || 13°14] 2:61323040 | 215 | :07328101 31 
12°16| 2°53870710 | 249 | -07894796 | 39 || 13°10| 2:61469494 | 214 | 07317381 31 
12°18 | 2°54028482 | 248 | -07882357 | 39 || 13-18] 2:61615735| 214 | :07306693 | 31 


12:20 | 2:54186005 | 248 | -07869956 | 39 || 13:20] 2-61761762 | 213 | :07296035 31 
12°22 | 2°54343280 | 247 | -07857595 | 39 || 13°22] 2-61907577| 212 | 07285409 | 31 
12°24 | 2°54500309 | 240 | :07845272 | 39 || 13°24] 2°62053179 | 212 | 07274814 | 31 
12°26| 2:54657001 | 245 | -07832988 | 38 || 13:26] 2:-62198570| 211 | :07264249 | 31 
12-28 | 2-54813629 | 245 | -07820742 | 38 || 13:28] 2:62343749| 210 | :07253715 | 30° 


12*30 | 2°5496992I1 | 244 | -07808535 | 38 || 13:30] 2:62488718 | 210 | -07243212 30 
12°32 | 2°55125970 | 243 | °07796365 38 || 13°32] 2°62633478 | 209 | -07232739 30 
12°34 | 2°55281776 | 242 | -07784234 | 38 || 13°34| 2:62778028 | 209 | -072222906 | 30 
12°36 | 2°55437340 | 242 | -07772140 | 38 || 13:36] 2:62922370 | 208 | :07211883 30 
12°38] 2°55592062 | 241 | -07760083 | 37 || 13°38] 2-630660504 | 207 | -07201500 | 30 


12°40 | 2°55747743 | 240 | :07748064 | 37 || 13-40] 2-63210430 | 207 | ‘07191147 | 30 
12°42 | 2°55902585 | 239 | -07736082 | 37 || 13°42] 2:°63354150| 2060 | -07180824 | 30 
12°44 | 2°56057187 | 238 | -07724137 | 37 || 13°44| 2°63497663 | 206 | :07170530 | 29 
12°40 | 2:56211551 | 238 | -07712229 | 37 || 13°40] 2:63640971 | 205 | 07160266 | 29 
12°48 | 256365670 | 237 | -07700358 | 37 || 13°48] 2:°63784074 | 204 | -07150031 29 


12°50] 2°56519505 | 236 | -07088522 | 36 || 13°50] 2-63926973 | 204 | +07139826 | 29 
12°52 | 2°56673218 | 236 | -07676724 36 || 13°52| 2-64069667 | 203 | -07129649 29 
12°54 | 2°56820634 | 235 | :07064961 36 || 13°54] 2°64212159 | 203 | -O7IIQ501 29 
12°50 | 2°50979816 | 234 | :07653234 | 36 |] 13°56] 2-64354447 | 202 | 07109383 | 29 
12°58] 257132764 | 233 | °07641544 | 36 || 13°58] 2-64496534| 202 | -07099293 | 29 


12:60] 2°57285478 | 233 | -07629888 | 36 || 13:60] 2:64638419] 201 | :07089231 28 
12°62 | 2°57437960 | 232 | 07018209 | 35 || 13-62] 2:64780104 | 200 | -07079198 | 28 
12°64 | 2°57590209 | 231 | -07600684 | 35 || 13:64] 2:64921587 | 200 | :07069193 | 28 
12:66 | 2°57742227 | 231 | :07595135 35 13°66 | 2°65062872 | I99 | 07059217 28 
12°68 | 2°57894015 | 230 | -07583621 35. || 13°68 | 2-65203956 | 199 | -07049269 28 


12°70 | 258045572 | 229 | 07572142 | 35 || 13°70| 2:05344842 | 198 | -07039348 | 28 
12°72 | 2°58196901 | 229 | -07560697 | 35 || 13°72| 2°65485530| 198 | -07029456 | 28 
12°74 | 2°58348000 | 228 | -07549287 | 34 || 13°74] 2°65626021 | 197 | -07019591 28 
12:76 | 2°58498872 | 227 | -075379II 34 || 13:76| 2:65766314 | 196 | 07009754 28 
12°78 | 2:58649517 | 226 | 07520569 | 34 || 13°78] 2°65906411 | 196 | :06999944 | 27 


12°80} 258799935 | 220 | :07515262 34 || 13°80] 2-66046312 | 195 | -o6990162 By) 
12°82 | 2:58950128 | 225 | :07503988 | 34 || 13:82] 2:66186018 | 195 | :06980407 2a 
12°84 | 2°59100095 | 224 | -07492748 | 34 || 13°84| 2-66325529 | 194 | -06970679 | 27 
12:86] 2:59249838 | 224 | :07481542 33 || 13°86] 2:66464845 | 194 | -06960979 | 27 
12°88 | 2°59399357 | 223 | :07470369 | 33 || 13-88] 2-66603968 | 193 | :06951305 | 27 


12-90] 2°59548653 | 222 | 07459230 33 || 13°90] 2:660742898 | 193 | :06941658 27 
12°92] 2°59697726 | 222 | -07448124 | 33 || 13:92] 2°66881635 | 192 | -06932038 27 
12:94 | 2°59846578 | 221 | 07437050 | 33 || 13°94| 267020179 | 192 | -06922445 | 27 
12:96 | 2°59995209 | 220 | 07426010 | 33 || 13:96] 2°67158533] 191 | :06912878 26 
12:98 | 2-60143619 | 220 | :07415002 33 || 13°98] 2:67296695 | 191 | -06903337 26 


13°00 | 2°60291809 | 219 | :07404027 | 32 || 14:00] 267434666 | 190 | -06893823 | 26 


Interpolation Formula: 


fla+020)=ofo+ Of, — © (+1) d%y +(0-+1) 34f,} 


4 OP (8 +1) (GP +1) 


a {(p +2) 64f, +(0 +2) 54f;! where 06+¢=1. 


TABLES OF F(a#) AND F(x) 


“=14:00 to 16:00 


52 52 62 52 

% F (*) = F (x) e x F () a F (¥) ms 
14:00 | 2:67434666 | 190 | -06893823 | 26 || 15:00] 2:74101333 | 166 | -06449378 | 21 
14°02 | 2:67572448 |-190 | -06884335 | 26 || 15-02| 2:74230237 | 166 | -06441073 | 21 
14°04) 267710040 | 189 | -06874873 26 || 15:04| 2°74358976 | 165 | -06432789 21 
14°06 | 267847443 | 188 | -06865436 | 26 || 15-00| 2°74487549 | 105 | -06424526 | 21 
14:08 | 2-67984057 | 188 | :06856026 | 26 || 15-08| 274615957 | 165 | :06416285 | 21 
1410 | 268121684 | 187 | -06846642 | 26 || 15-10| 2°74744201 | 164 | -06408065 | 21 
14°12 | 268258523 | 187 | :06837283 | 26 || 15:12| 2:74872280] 164 | -06399865 | 21 
14°14 | 2°68395175 | 187 | -06827950 25 || 15°14] 2°75000195 | 163 | :06391687 2. 
14°16] 2-68531641 | 186 | -06818642 | 25 || 15:16] 2°75127947 | 163 | -06383529 | 21 
14°18 | 268667921 | 185 | :06809359 | 25 || 15:18] 2°75255537| 163 | -06375392 | 21 
I4°20| 2:68804016 | 185 | -o6800102 25 || 15:20 | 2:75382963 | 162 | -c6367276 | 21 
14°22 | 2-68939926 | 184 | :06790870 | 25 || 15:22| 2°75510228| 162 | -06359181 | 21 
14°24 | 2:69075651 | 184 | -06781663 25 || 15'24| 2°75637331 | 161 | -06351106 Zi 
14°:26| 2-69211192 | 183 | -06772480 | 25 || 15:26] 2-75764272 | 161 | -06343052 | 20 
14°28] 2:69346550 | 183 | -06763323 25 || 15:28] 2°75891053 | 160 | -06335018 20 
14°30] 2-69481725 | 182 | -06754190 | 25 || 15:30| 2°76017673 | 160 | -06327004 | 20 
14°32| 2696016718 | 182 | -06745082 | 25 || 15:32| 2°76144133 | 160 | -o631901I1 | 20 
14°34 | 2°69751529 | 181 | -06735999 | 24 || 15°34| 2°76270434 | 159 | :06311037 | 20 
14°36] 2-69886158 | 181 | -06726940 | 24 || 15:36] 2-76396575 | 159 | :06303084 | 20 
14°38 | 2-70020607 | 180 | -06717905 24 || 15:38] 2°76522557 | 158 | 06295151 20 
14°40] 2:70154874 | 180 | :06708894 | 24 || 15:40| 2:76648381 | 158 | -06287238 | 20 
14°42 | 2-70288962 | 180 | -06699908 | 24 || 15:42] 2°76774047 | 158 | :06279345 | 20 
14°44 | 2°70422871 | 179 | 06690945 | 24 || 15-44] 2°76899555 | 157 | 06271471 | 20 
14°46] 2:70556600 | 179 | :06682007 | 24 || 15:46] 2:77024906 | 157 | :06263617 | 20 
14°48] 2-70690151 | 178 | -06673092 | 24 || 15:48] 2°-77150100| 156 | -06255783 | 20 
14°50 | 2°70823524 | 178 | -066064201 | 24 || 15:50] 2°77275137| 156 | -06247968 | 20 
14°52 | 2:70956720 | 177 | :06655334 | 24 || 15:52] 2°77400019 | 156 | -06240173 19 
14°54 | 2°71089738 | 177 | -06646490 | 23 || 15°54| 2°77524744 | 155 | :06232397 | 19 
14°50| 2:71222579 | 176 | :06637670 23 || 15°50! 277649315 | 155 | :06224641 19 
14°58 | 2°71355245 | 176 | 06628873 | 23 || 15:58] 2°77773730| 155 | :06216904 | 19 
14:60 | 2:71487734 | 175 | :06620100 | 23 || 15:60] 2:77897991 | 154 | -06209186 | 19 
14°62 | 2:71620049 | 175 | :06611350 23 || 15:62) 2-78022098 | 154 | -06201487 19 
14°64 | 2-71752189 | 174 | :06602622 | 23 || 15:64] 2:78146050 | 153 | -06193807 | I9 
14°66 | 2:71884154 | 174 | :06593918 | 23 || 15:66] 2:78269850 | 153 | 06186147 | 19 
14°68 | 2-72015945 | 173 | :06585237 | 23 || 15°68] 2°78393496 | 153 | :06178505 | 19 
14°70 | 2:72147564 | 173 | :06576578 | 23 || 15°70| 2°78516990 | 152 | -06170882 | 19 
14°72 | 2°72279009 | 173 | :06567942 | 23 || 15:72] 2-78640332 | 152 | -06163278 | 19 
14°74 | 2:72410281 | 172 | :06559329 | 23 || 15°74| 2°78763522| I5I | 06155692 | 19 
14°70 | 2°72541382 | 172 | :06550738 | 22 || 15:76] 2-78886560 | I51 | -06148126 | 19 
14°78 | 2:726072311 | 171 | :06542170 | 22 || 15°78] 2°79009447 | I5I | 06140577 | 19 
14:80 | 2:72803069 | 171 | :06533624 | 22 || 15°80] 2:79132183 | 150 | -06133048 | 18 
14°82 | 2-72933656 | 170 | -06525101 | 22 || 15:82] 2°79254769 | 150 | -06125536 | 18 
14°84 | 2-73064073 | 170 | 06516600 | 22 || 15°84) 2°79377204 | 150 | -06118043 | 18 
14°86 | 2:73194320 | 169 | -06508121 22 || 15:86] 2:79499491 | 149 | 06110569 | 18 
14°88 | 273324398 | 169 | :06499663 | 22 || 15°88) 2:79021627| 149 | -o6103112 | 18 
14:90 | 2:73454307 | 168 | -06491228 | 22 || 15:90} 2°79743615 | 149 | -06095674 | 18 
14°92 | 2°73584047 | 168 | -06482815 22 || 15:92) 2°79805454 | 148 | :00088254 18 
14°94] 2°73713620 | 168 | -06474423 | 22 || 15:94] 2°79987145 | 148 | -06080852 | 18 
14-96 | 2:73843024 | 167 | :06466053 | 22 || 15:96| 2-80108689 | 147 | -06073468 | 18 
14°98 | 2:73972262 | 167 | :06457705 22 || 15:98| 2:80230084 | 147 | -06066102 18 
15:00] 2:74101333 | 166 | 06449378 | 21 || 16-00] 2°80351333 | 147 | *06058753 18 

| 


Interpolation Formula: 


f (a+:028) =Ofy + Of — 7" {(p-+1) fy +(0-+ 1) 5%} 


+ CASI Ee») {(p +2) 64fy +(9 +2) 64f,} where 6+ ¢=1. 


TABLES OF F(a) AND F(a) 


v=16:00 to 18:00 


Interpolation Formula: 


f(a +°020)=$fo+ Of, — © (+1) df, +(0 +1) 5%f,} 


4 28 (OIG d) ious) 


I20 


62 62 62 62 
a F (%) s F (*) in ” F (¥) i F (x) a 
16:00 | 2:80351333 | 147 | :00058753 18 ||.17-00] 2°86233686 | 131 | 05712733 15 
16:02 | 2:80472435 | 146 | :00051423 18 || 17:02] 2:86347875 | 130 | 05706215 15 
16:04 | 2:80593390 |. 146 | -06044110 | 18 |) 17:04] 2:86461934 | 130 | -05699712 15 
16:06] 2:80714199 | 146 | -06036815 18 || 17:06] 2:86575864 | 130 | -05693224 15 
16:08 | 2°80834863 | 146 | -06029537 17 || 17:08] 2-86689664 | 130 | -05680750 15 
IT6:10 | 2°80955381 | 145 | :00022277 I7 || 17710] 2°86803334 | 129 | -05680291 15 
16:12 | 2°81075754 | 145 | -00015034 I7 || 17:12| 2-86916875 | 129 | -05673847 16) 
16:14 | 2:81195982 | 144 | -00007809 | 17 || 17:14] 2:87030288 | 129 | :05667418 | I5 
I6:16 | 2:81316066 | 144 | -o6000601 I7 || 17-16] 2°87143572 | 128 | -05661003 15 
16:18 | 2:81436006 | 144 | -05993410 | 17 || 17-18] 2°87256728 | 128 | :05654602 14 
16-20 | 2°81555803 | 143 | -05986237 17 || 17:20} 2:87369756 | 128 | -05648216 I4 
16:22 | 2:81675450] 143 | -05979081 17 || 17:22) 2-87482657 | 127 | -05641845 14 
16:24 | 2°81794966 | 143 | -05971941 17 || 17:24] 2°87595430 | 127 | :05635488 14 
16:20| 2°81914334 | 142 | -05964819 | I7 || 17:26] 2-87708076 | 127 | -05629145 14 
16:28 | 2:82033559 | 142 | :05957714 I7 || 17:28] 2:87820596 | 126 | -05622816 I4 
16:30| 2:82152642 | 142 | :05950626 | I7 || 17-30] 2:87932989] 126 | -05616502 I4 
16:32] 2:82271584 | 141 | :05943554 | I7 || 17:32] 2°88045256| 126 | -05610201 14 
16-34 | 2°82390385 | 141 | :05936499 | 17 || 17°34| 2°88157397 | 126 | -05603915 | 14 
16:36 | 2:82509044 | 141 | 05929461 I7 || 17°30] 2°88269413 | 125 | :05597643 14 
16°38 | 2°82627563 | 140 | :05922440 17 || 17°38 | 2-88381303 | 125 | :05591385 14 
16:40 | 2°82745942 | 140 | -05915435 I7 || 17°40} 2:88493068 | 125 | :05585141 14 
16:42 | 2-°82864181 | 140 | -05908447 | 17 || 17:42] 2:88604709 | 124 | -0557891I 14 
16:44 | 2:82982280 | 139 | :05901476 | IO || 17-44] 2°88716225 | 124 | :05572694 | 14 
16:46 | 2°83100240 | 139 | :05894520 | IO || 17-46] 2-88827617 | 124 | -05566492 14 
16°48 | 2:83218061 | 139 | 05887581 | I6 || 17-48] 2-88938885 | 124 | -05560303 | 14 
16:50] 2°83335743 | 138 | 05880659 | I6 || 17-50] 2:89050029 | 123 | :05554128 | 14 
16:°52| 2°83453287 | 138 | :05873752 16 || 17-52] 2-89161050 | 123 | :05547967 14 
16°54] 2°83570693 | 138 | -05866862 16 || 17°54] 2°89271948 | 123 | :05541819 14 
16:56] 2:83687962 | 137 | -05859988 | I6 || 17-56] 2:89382723 | 123 | :05535685 | 14 
16-58 | 2°83805093 | 137 | ‘05853130 | 16 || 17°58) 2:89493375 | 122 | -05529565 | 14 
16:60 | 2:83922087 | 137 | 05846289 | I6 || 17-60] 2:89603905 | 122 | -05523458 | 13 
16-62 | 2°84038945 | 136 | -05839463 | I6 || 17-62] 2:89714314] 122 | :05517365 | 13 
16:64 | 2°84155666 | 136 | -05832653 | 16 || 17-64 | 2:89824600 | I2t | :05511285 13 
16°66 | 2°84272251 | 136 | -05825859 | I6 || 17:66] 2:89934765]| I21 | :05505218 13 
16:68 | 2:84388700 | 135 | ‘05819080 | 16 || 17-68] 2-90044809 | I2I | -05499165 | I3 
16:70 | 2°84505014 | 135 | -05812318 | 16 || 17-70] 2-90154732 | I21 | -05493125 | 13 
16:72 | 2°84621193 | 135 | 05805571 16 || 17-72] 2:90264534 | 120 | :05487098 13 
16°74 | 2°84737237 | 134 | :05798840 16 || 17°74] 290374216 | 120 | -05481084 13 
16:76 | 2°84853147 | 134 | -05792124 16 || 17°76| 2:90483777 | 120 | :05475084 13 
16:78 | 2°84968922 | 134 | -05785424 15 || 17°78] 2:90593219 | 120 | :05469097 13 
16°80} 2°85084564 | 134 | :05778739 I5 || 57-80] 2:90702541 | I19 | :05463123 13 
16:82 | 2°85200072 | 133 | ‘05772070 | I5 || 17-82] 2-90811744] I19 | :05457161 13 
16-84 | 2°85315447 | 133 | °05765416 | I5 || 17-84] 290920828 | 119 | -05451213 | 13 
16°86 | 2°85430689 | 133 | :05758778 I5 || 17°86] 2-91029793 | 119 | -05445278 13 
16°88 | 2°85545798 | 132 | :05752154 I5 || 17°88] 2-91138639 | 118 | :05439350 13 
16-90 | 2°85660775 | 132 | -05745546 | I5 || 17-90] 2:91247367| 118 | :05433446 | 13 
16:92] 2°85775620 | 132 | 05738954 | I5 || 17-92] 2-91355977| 118 | -05427550 | 13 
16°94 | 2°85890333 | 131 | -05732376 I5 || 17°94] 2°91464469 | I17 | -05421666 13 
16:96| 2:86004915 | 131 | :05725813 I5 17°90| 2:91572844 | II7 | °05415795 13 
16:98 | 2°86119366 | 131 | +057192605 I5 || 17-98] 2-91681101 | 117 | :05409936 13 
17:00 | 2°86233686 | 131 | :05712733 15 || 18-00| 2-91789241 | II7 | :05404091 13 


64/9 +(0+2) 647; where 6+ o=1. 
1s ? 


TABLES OF Ff (x) AND F (a) 


wv=18:00 to 20:00 


: 6? ’ “ 52 4 6? 
x F (x) E (x) fl ae F (x) : F (x) se 
18-00 | 2:91789241 | 117 | -05404001 13 || 19:00 | 2°97052399 | 105 | :05127082 | II 
18-02 | 2-91897265 | 117 | -05398257 13 || 19°02] 2°97154888 | 105 | :05121831 IL 
18-04 | 2-92005172 | 116 | -05392437 | 13 || 19-04] 2:97257273 | 105 | -o5116591 Il 
18-06 | 2-92112962 | 116 | -05386629 I3 || 19°06] 2°97359552 | 104 | :05111362 II 
18-08 | 2:92220637 | 116 | -05380833 I2 || 19:08] 2:°97461727| 104 | 05100143 aly 
18-10 | 292328196 | 115 | -05375050 I2 || 19°10] 2:97503798 | ro4 | :05100935 II 
18-12 | 2:92435639 | 115 | :05369280 I2 || 19:12| 2:97005765 | Io4 | :05095738 Il 
18:14 | 2:92542967 | 115 | 05363521 I2 || 19:14] 2:97767627 | 104 | -05090551 Il 
18-16 | 2-92650180 | 115 | -05357776 IZ || 19:16] 2:97869387 | 103 | -05085374 Il 
18-18 | 2-92757278 | 115 | -05352042 | 12 || 19-18] 2-97971042 | 103 | -05080208 | 10 
18-20] 2:92864262 | 114 | -05346320 I2 || 19:20] 2:98072595 | 103 | :05075053 Ke) 
18-22 | 2-92971131 | 114 | -05340611 I2 || 19:22| 2:98174045 | 103 | :05009908 sme) 
18-24 | 293077886 | 114 | -05334914 I2 || 19:24] 2:98275391 | 103 | :05004774 Io 
18-26 | 2-93184528 | 114 | -05329229 | 12 || 19:26] 2-98376636] 102 | -05059650 | Io 
18-28 | 2-93291056 | 113 | -05323557 | 12 || 19:28] 2-98477778| 102 | -05054536 | I0 
18-30] 2-93397470 | 113 | -05317896 | 12 || 19-30] 2:98578817| roz | -05049432 | Io 
18-32 | 2-93503771 | 113 | °05312247 | 12 || 19°32] 2-98679755 | 102 | -05044339 | Io 
18°34 | 2:93609960 | 113 | :05306611 I2 || 19°34 | 2:98780591 | 102 | :05039256 | IO 
18-36 | 2-93716036 | 112 | :05300986 | 12 || 19:36] 2-98881325 | ror | -05034184 | Io 
18-38 | 2:93822000 | 112 | :05295373 I2 || 19:38] 2-98981958] rot | -o502912I aK) 
18-40] 2:93927851 | I12 | :05289772 I2 || 19:40] 2:99082490 | IOI | :05024069 | Io 
18-42 | 2:94033591 | 112 | -05284183 I2 || 19:42] 2-9918292I1 | IOI | :05019027 Io 
18-44 | 2:94139218 | 111 | :05278606 I2 || 19°44 | 2:99283251 | Lot | -05013995 Io 
18-46] 2:94244735 | 111 | :05273040 I2 || 19:46] 2:99383481 | Too | -05008973 IO 
18-48 | 2:-94350140| I1t | :05267486 I2 || 19:48] 2-99483610] Too | :05003961 Io 
18-50 | 294455434 | III | -05261944 | 12 || 19°50] 2-99583639 | 100 | -04998959 | Io 
18-52| 2:94500618 | 111 | :05256414 I2 || 19°52] 2-99683569 | 100 | :04993967 Io 
18-54] 2:94665691 | IIo | :05250895 I2 || 19°54] 2:99783398 | 100 | :04988985 Io 
18-56| 2:94770654 | I10 | :05245387 I2 || 19°56] 2-99883128 | 99 | :04984013 sme) 
18-58 | 2-94875507 | I10 | -05239892 | 12 || 19-58] 2-99982759| 99 | -04979051 | Io 
18:60 | 2:94980250 | II0 | :05234407 II || 19:60} 3-00082290 | 99 | :04974099 Io 
18-62 | 2-95084883 | tog | :05228934 II || 19-62] 300181723] 99 | -04969157 me) 
18-64 | 2°95189407 | Iog | :05223473 II || 19°64 | 3:00281057|] 98 | :04964224 me) 
18-66 | 2:95293822 | I09g | :05218023 II || 19°66] 3-00380292] 98 | :04959301 ime) 
18-68 | 2:95398128 | 109 | -05212584 | II || 19°68] 3:00479429| 98 | -04954388 | Io 
18-70 | 2:95502325 | 108 | :05207157 | I1 || 19:70] 3:00578467 | 98 | -04949485 | 10 
18-72 | 2:95600414 | 108 | -05201741 It || 19°72] 3-00677408 | 98 | -04944591 10 
18-74 | 2:95710395 | 108 | :05196336 | II || 19°74] 3°00776251| 98 | -04939707 | 10 
18-76 | 2:g5814268 | 108 | -05190943 It || 19:76] 3:00874997| 97 | -04934833 ame) 
18-78 | 2:95918033 | 108 | :05185560 Ir || 19:78] 3009736045 | 97 | :04929968 10 
18-80 | 2:96021690 | 107 | :05180189 II || 19:80] 3-01072195| 97 | °04925113 IO 
18:82 | 2-96125240 | 107 | :05174829 | I1 || 19°82] 3-01170649|] 97 | :049202607 | 10 
18-84 | 2:96228684 | 107 | :05169480 | I1 || 19°84] 3:01209006| 97 | :04915431 9 
18-86 | 2-96332020 | 107 | ‘05164142 Ir || 19:86] 3:01367266] 96 | 04910605 9 
18-88 | 2:96435249 | 106 | :05158815 Ir || 19°88] 3:01465430| 96 | +04905788 9 
18-90 | 2:96538372 | 106 | :05153499 II || 19°90] 3:01563498| 96 | -o4go0980 9 
18:92] 2:96641389 | 106 | :05148194 II || 19:92| 3:01661470| 96 | -04896182 9 
18-94 | 2-96744300 | 106 | -05142900 | 11 || 19-94| 3°01759345| 96 | -04891393 9 
18:96} 2:96847105 | 106 | :05137616 II || 19:96| 3:01857125| 95 | 04886613 9 
18-98] 2-96949805 | 105 | :05132344 | I1 || 19:98] 3-01954810) 95 | -04881843 9 
19:00 | 2:97052399 | 105 | :05127082 II || 20:00] 3:02052399 | 95 | :04877082 9 


Interpolation Formula: 


f (a+°020) = Gf + Of —" (+1) B%fo + (941) H%fi} 


OPO MOEN) 
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p+2) 64f)+(0+2) 54f,| where 6+¢=1. 
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These tracts, Nos. II and III, do not profess to be a complete treatise on 
the construction of mathematical tables, still less a full mathematical treat- 
ment of interpolation. They put together some of the practical processes, 
which have been found of service in the Biometric Laboratory and state some 
of the difficulties which have arisen in very heavy recent computations and 
I would draw the attention of the pure mathematician to the necessity for 
their solution. As far as I am aware, but I have not made a wide search of 
the literature, the bi-variate central difference formulae provided are novel. 
They are those which naturally arise, however, when we come to deal with 
tables of double entry in practice. 


The main doctrine insisted on is that in ordinary mathematical tables 
accuracy would be gained if the tabulation of first differences were replaced 
by the tabulation of first central differences, and that in bi-variate tables the 
tabulation of the two first central differences of both variates is in the bulk of 
cases the sole method by which the material can be reduced within the bounds 
of possible publication. 


I have received most valuable aid in calculation and in algebraic work from 
my colleagues Miss Ethel M. Elderton, Miss M. Seegar, and Mr H. E. Soper, 
and in the preparation of diagrams from Miss A. G. Davin, for which I feel 
deeply indebted. 

KARL PEARSON. 
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ON THE CONSTRUCTION OF TABLES 
AND ON INTERPOLATION 


PART I. UNI-VARIATE TABLES 


By Karu PEARSON, F.R.S. 


A. Introductory. 


There are two chief functions of interpolation. 
(i) To expedite the construction of new tables. 
(ai) To assist the entry into an already constructed table. 


Of these functions the former is by far the more important, and this, for 
reasons which will shortly appear, is also the more arduous. 


Given a function of any number of variates this function is said to be 
tabled when for any number of values of the variates, the numerical value of 
the function is computed and recorded. If the function be determined by a 
single variate, the table is termed a uni-variate table; if there are several 
variates required to determine the function the table is termed a multi- 
variate table. As a rule the values of the variates for which the function is 
calculated proceed by equal intervals, although these equal intervals need by 
‘no means be the same throughout the whole range of the variate for which 
the function is computed*. Again some variates may have large and others 
small tabular intervals according to the sensitiveness of the function to 
changes in these variates. The choice of intervals in the variates depends 
upon a number of considerations which can only be adequately dealt with 
when the nature of the function and the purposes of the table have been 
defined. Some of these considerations are antagonistic and a final system of 
variate-, or as they are frequently termed argument-intervals can only be 
selected by way of compromise. 


* Thus it may be desirable to give a trigonometrical function for every second of angle 
at one part of a table, while every minute will suffice at another part. 


1—2 


4 ON THE CONSTRUCTION OF TABLES 


Thus: 

(i) The argument-interval should be such that when the table is con- 
structed, the work of entering it for non-tabled values of the variates shall be 
as expeditious and simple as possible. 


With modern computing machines probably the most expeditious method 
of entering a table is to take definite proportions of the adjacent or neighbour- 
ing entries. The ideal method of entering a uni-variate table is to use only the 
two adjacent entries, i.e. to use only a single “ difference.” The ideal method 
of entering a bi-variate table is to use only the four (or, as the method 
adopted may require, five) adjacent entries, ie. to use again only first 
“ differences.” 


(ii) The argument intervals should be such that when the table as planned 
is completed, the size of it is not such that printing it is prohibitive. Not 
only may the size render publication impossible, but the labour of computing 
may be excessive. 


Considerations (i) and (11) are largely antagonistic. The reader has only to 
consider such a table as that of common logarithms, to 7 figures say, and 
suppose it were desirable to have a table of log, y, where the base w varied as 
well as the argument y. Then, if the variate # were given only 100 values, we 
should require something like 30,000 octavo pages of figures for the table. 
In order to fulfil (i) we should have to take the values of the argument y at 
far wider intervals than is usual in logarithm tables of single entry. But in 
doing this we should have to drop the ancient prejudice that in a good table 
we need first differences only. 


In modern practice multi-variate tables are coming more and more into 
prominence, and what has been suggested in the previous paragraph in the 
case of two variates is much strengthened when we come to three or more. 
There is very little hope that in the case of such tables any first difference 
method of entry will be adequate. A knowledge therefore of the methods of 
entering such tables becomes essential, and it ought to be familiarised at an 
early or school stage of practical mathematics. Take cases of tables which it - 
has fallen to the lot of the Department of Applied Statistics to compute 
during the recent war years. High angled fire is now a commonplace of 
gunnery, but the height and angle of sight of the objective demand at once 
a table of double entry. Or again for bombing airplane sights we require 
both height and speed of airplane. Perhaps the most intricate multi-variate 
table that we were asked to prepare was a table of the two coordinates in the 
plane of the rear-sight of the sighting-point for three separate machine guns 
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(Lewis, Hotchkiss and Vickers) for the four arguments, height, angle of sight, 
speed, and direction of motion of low-flying airplanes with which the Germans 
were making the British trenches “unhealthy” towards the end of 1917. 
Because there were two coordinates, three guns and four variates this table 
contained a tremendous mass of figures. But except for the values of the 
arguments tabled, only a rough approximation could be reached if first 
difference interpolation was applied. 


With the wide practical use of multi-variate tables—one instance of which, 
that of ballistics, only has been cited—it becomes needful to indicate the 
difficulties of multi-variate interpolation formulae, and suggest how they can 
be met. It is usual for the computer to associate every table entry or every 
pair of tabled entries with a single difference. He may be acquainted with 
some tables which provide two. 


When we come to multi-variate tables the number of differences corre- 
sponding to a single table entry, if we have to use fairly considerable argument 
ranges may be considerably increased. Thus with a table of double entry only 
we may require to associate each entry with perhaps four or five differences. 
Should we interpolate by “forward” differences, we need at least double this 
number! Hence it is easy to grasp that extension of argument intervals 
while reducing the number of entries to manageable size, may force us again 
to increase our table to unwieldy bulk by the necessity for including a large 
series of differences. It is quite possible for the differences even in a bi-variate 
table to occupy as much or even twice as much space as the tabled values of 
the function. 


We thus reach our third consideration, namely: 


(iii) The argument intervals must not be so large that the space thus 
gained is not once more largely lost by the necessity for tabling a very large 
number of differences. We cannot expect ifa table is to be of utility, that 
the computer should be left to calculate, say all the fourth differences he needs 
to enter the table. There must be associated tables of differences provided. 
The problem will always be how to present these differences, and how to keep 
them in bounds in any given case. The very fact that the argument intervals 
are large will mean that the differences themselves are large and occupy con- 
siderable space. 

The reader will see that our considerations (1), (11) and (111) are in great part 
antagonistic, and that it requires much judgment in the case of a given table 
to get a minimum of size combined with a maximum of utility to the user. 
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- Reverting to the usual method of constructing a table, which for the pre- 
sent we will suppose uni-variate, the start is made by constructing a “ frame” 
from the formula, series or integral providing the function by straightforward 
calculation, which may mean use of quadratures*. The entries involved in 
this frame will usually be to two more decimal places than will be retained in 
the final table. As a rule with modern computing machines it is more rapid 
and efficient to interpolate between the entries of this frame by Lagrangian 
formulae using the 4, 6,8 or 10 adjacent entries as the case may require, 
rather than by constructing an elaborate system of differences for the frame, 
which at any rate will have to be discarded as of no value for the completed 
table, and will very probably have to be discarded still earlier, if it turns out 
that the “panels” of the frame have been selected at too great intervals for 
effective interpolation. Ofcourse at first start the panel-intervals are selected 
largely by appreciation; their adequacy must then be tested. Treating the 
panel interval as unit our frame entries from the middle of the panel we 
desire to fill in will be 


oes Y—45) Y—a5, Yan, Y—ae5> Y—5, Yess Yrs, Yor, Ya5> Yas -++s 
We now desire the interpolation of, it may be, four values, y_.3, ya, Y4a, 
Y+-3 between y_., and y,.; or again of nine values 


Ya, Y—3) Yay Yo Yor Ys Ya,» Yea, Yt 


in the same panel. Any value such as y_., will be provided by a formula 
of the type 


Y—.3 = 00. 94-5 Y—4-5 1 93-5 Y—3-5 + 92-5 Y—o-5 + — 9M a5 Ya5 + —3N5 Y—o5 
HF Rng pes Yes Fg Maaes Yaa + —sN4o5 Yros + 3495 Yto5 + +45 Ypas + --- 


the y’s being the frame values and the n’s tabled arithmetical values always 
at hand in the computing laboratory. 


We shall start, say, by using a six-entry interpolation formula, then we 
shall apply an eight-entry formula. If both give the same result we may be 
fairly satisfied that our panel intervals are small enough. If not we proceed 
to consider a ten-entry formula and see if it agrees with the eight-entry inter- 
polation. Beyond this it is probably not advisable to proceed, but the ten- 
entry interpolation may be checked against directed calculation of the inter- 
polates. 


In the Department of Applied Statistics eight- and ten-entry interpolation 
formulae have been in constant use for wide areas of large tables. They repre- 


* Discussion of quadrature methods will be provided in a later tract of this series. 
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sent one continuous process on the rhachine* and have not been found too 
lengthy for practical use. Experience seems to show, however, that where 
these fail, it is more economical to reduce the frame panels than to use higher 
entry interpolation formulae. 


Throughout the process: (i) interpolated values must be checked by 
occasional directly calculated values, (ii) the system of differences should be 
taken; the new differences obtained by each interpolated value as it is 
entered, being a very desirable, if not wholly adequate test of the accuracy of 
the machinings, and further supplying the system of differences which will 
eventually be published in whole or part with the finished table itself. 


It is a very wise rule to carry on the difference system simultaneously 
with the entry system. The differences are not only a check on the accuracy 
of the work in progress, but are further an indication of whether the panel 
intervals are too large, or unnecessarily small, and again of whether the 
intervals of the final table will be too large for practical interpolation, or on 
the other hand too small, i.e. whether we are wasting space, which is so 
essential for the proper presentation of multi-variate tables. 


This leads us to a remark which may be of service to the computer. It is 
by no means needful either in the panel intervals of the frame, or in the entry 
intervals of the final table to maintain an equality of interval. On the con- 
trary having regard to the economy of labour and the economy of space, 
changes of interval in both frame and final table—especially in the case of 
multi-variate tables—are to be commended. Provision in both cases must, 
however, be made either by “overlapping” of the areas or by “bridging 
formulae” to meet the interpolation difficulties both in the frame filling-in 
and in the practical use of the table for interpolating values at the boundaries 
of changes of interval. 


* The machine used should be one that carries at least three figures on the slide and 
if possible carries throughout the whole range. The old-fashioned machines carrying one figure 
only are sure to give trouble, because subtractions and additions will alternate, and the labour is 
much increased if separate products have to be written down. Further the slide which carries 
throughout enables us to work out the continuous process by what in the old school arithmetics 
is spoken of as contracted multiplication. For example if we require a final table to eight figures, 
we may use our y’s and ’s each to ten figures, but work back on the slide using the left-hand 
figure of the multiplier first, and ceasing to multiply by that figure when we reach what will be 
the 11th or 12th figure in the final result. The ultimate value of the continued operation on 
the slide will be certainly true to the 9th or 10th figure and therefore correct to the required 
8th figure. We have found for such purposes the 12x12 recording to 24 figures new type 
Trinks-Brunsyiga with automatic carriage a very satisfactory machine. 
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The reader will have observed that in our discussion above of the process 
of filling in panel intervals we have indicated the use of what may be termed 
mid-panel interpolation formulae; we have interpolated between y_., and 
Yy4.5 from the same number of frame entries on either side of this mid-panel 
interval. Although this is not involved in the Lagrangian formula, experience 
will rapidly show the computer its great desirability. If we interpolate in 
side-panels the results will be found to grow more and more unsatisfactory as 
we approach the end panel on either side. So unsatisfactory will they become 
that it may be necessary to reduce the panel interval, and no increase in the 
number of one-sided interpolants will often avail to better matters. This 
merely amounts to saying in more technical language that “forward differences” 
even if very large in number will not necessarily give satisfactory results. 
In common sense language we want the adequate number of “nearest 
points” to get the best result, not a very large number of more and more 
distant points. In our own mind there is little doubt that “forward differ- 
ence” formulae are chiefly of theoretical interest; that modern methods of 
computing demand mid-interval interpolation formulae of the Lagrangian type, 
or what corresponds to them central difference formulae. The great advantage 
of central difference formulae, especially in multi-variate tables, consists in 
the fact that we do not use a large number of differences for a single entry, 
but a few central differences of each of a number of neighbouring entries. 
In this way exactitude is combined with economy of space. 


At the borders of a table, however, other considerations come into play. 
It will be impossible to use without adaptations mid-panel interval interpola- 
tions ; we cannot get our central differences for boundary entries, if no values 
beyond the boundary are known or, perhaps, indeed conceivable. At such 
table borders we may try our luck with side- or end-panel interpolation— 
ie. with forward differences—but we may be in more senses than one on the 
edge of a precipice*. The computer may try many things, but he will prob- 
ably find it most satisfactory and most economical of time to calculate out by 
brute force the entries he requires, until he finds side-panel interpolation 
giving the same results as his computed values, then he may continue to use 
it, till he comes to his first mid-panel interpolation, which he will then by 
shifting retain until he comes to another boundary or a change of interval. 
In some cases the function while having no physical meaning, or perhaps 


* The function may be finite at the boundary and imaginary beyond; it may become 
asymptotic or there may be a cuspidal ridge; mathematical difficulties which defeat the use of 
central differences, but which experience soon shows are usually wholly beyond treatment by 


forward differences. 
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having no value necessary for tabulation*, can be extended mathematically 
beyond the table value and thus mid-panel interpolation can be carried 
right up to the boundary of the table. Such cases are very important when 
we are tabulating central differences at a table boundary, for it will be clear 
that without values outside the boundary we cannot use that method of inter- 
polation and must trust at the boundary to forward difference methods. Yet 
it is precisely in those cases where the mathematical function ceases or 
becomes imaginary on the other side of the boundary, that forward differences 
are likely to give bad results. Occasionally it is feasible to supplement the 
fundamental table by an auxiliary table at the boundary, which will help us 
over at least some of our difficulties with, perhaps, one or more of the 
variates. 


As illustration consider the Incomplete [P'-function, 1e. 


uVp+i 


eu? dy 
pee ees 
Be Tepaa) 
o (p + 1) (p—1) yehie-eVPH (14 U Vp +1 +1 w(p + 1 
T(p+1) Pa ae st pact) (itis) 


uw (p +1) 

| ‘pr Gs Der) 

Clearly the expression becomes imaginary when p being fractional w is 
negative, or again when p is negative and greater than unity. 


Taking logarithms to base 10, we have: 
log I (u, p) =$ (p—1) log (p+ 1)- log? (p+ 1) - vp + 1 uloge+(p+t 1) logu 
uNpel, w(p+l) Oe 
pt2 (p+2)(p+3) *(p+2)(p+3)(p+4)* 


Now the imaginary term introduced by negative w is seen to lie in 
(p+1)logu. Let us call 1’ (u, p) the function I (u, p)/u?", then 


+ log (1 + 


log I’ (u, p) =log 1 (0, p)—uvp+1 loge+log E(u, p), 
where E (u, p)is the series above. This series for small values of u, say not 


* For example in range tables we do not tabulate forward and rearward ranges, but for 
many purposes the fact that we can mathematically proceed through vertical fire to rearward 
fire is most helpful for interpolation. Indeed to hit a rapidly oncoming low flying airplane at a 
high angle of sight it might be needful, were it practicable, to fire over the shoulder, and it may 
be desirable to calculate one or more such values for interpolation purposes. 
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above 1°7 admits of easy computation, and it may be applied for u both positive 
and negative. We can readily deduce, however, that : 


log I’ (—u, p) = 2 log I’ (0, p) — log I’ (u, p) 
w (pti, u'(p +1) 
(p+3)(p+2yP  (p+2)(pt+3y (p +4) (p +5) 
u’ (p+ 1)4 
* (p+2)(p+3)(p+4y (p+5)(pt6)(pt+7) 
ut (p +1) a 
* (+2) (p +3) (p+ 4) (p+ 5) (p+ 6) (p+ 7) (p+ 8)(pt9)~ 


this series converging with great rapidity. 


+ log (1 + 


Thus log J’(— ‘1, p) and logl’ (— ‘2, p) can be rapidly found from 
log I’ (-1, p) and log J’ (-2, p) and the central differences of 2nd and 4th order 
found for log I’ (0, p), 1e. at the start or boundary of the table for the u 
variate. It will be further found that for p=0 to 10,w=0 to 1°5 the differ- 
ences of the function log J’ (u, p) are far more convergent than those of J(u, p), 
and for exact work the auxiliary table within these boundaries is more effective 
than the fundamental table. Of course it involves adding (p+1)log u to 
log I’ (u, p) and then looking out the antilog to find J(u, p). Within the 
above limits of p and w we should probably have to lessen our table intervals 
to a tenth, or increase this portion of the table ten-fold to obtain a corre- 
sponding accuracy for I (u, p). 


Such an illustration indicates the double purpose of finding central 
differences at a boundary by “extrafinial” values; and also the economy of 
space near a boundary which may arise from the use of an auxiliary function 
table. 


Unfortunately neither of these processes will apply to the “ function- 
ridge” at p=-—1. Nothing but the calculation of the function for very small 
tabled intervals of p between at least p=—1 and p=—°‘5 will suffice to 
determine the Incomplete ['-function in this region. We must then use 
central difference methods for the u and forward difference methods (or those 
of p. 13) for the p interpolation. It is especially in the case of multi-variate 
tables that interpolation both for frame and for the actually completed table 
becomes a matter very often of considerable difficulty. No standardised 
method of procedure can be adopted and the computer preparing a new table 
can only be warned that he must adapt his methods to his function, and that 
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where no extrafinial values can be computed the determination of proximo- 
finial values and differences may prove by far the hardest part of the task*. 


Part I. Uni-variate I: nterpolation. 


The reader is supposed to be acquainted with the simple operators of the 

Calculus of Finite Differences. Namely, if zz, be a function of the variate « 
E. By = Zy415 
Ez, = p12, Le, =F, Cb: 
AZ, = 2p41 — Sr 

or, 1+tA= #, 

pee H* = (1+ A)’, and 

= Hz, =(1+ Aja, 

a Att .e@=) EN ce 

This is the fundamental “ forward difference ” ae A”z, being the rth 
forward difference of z,. Hence if we wished to work with differences of z, 
only we should have to table four forward differences for each entry if we 
wanted to go to fourth forward difference accuracy—often in itself not a very 
high degree—and to n differences if we wanted mth difference accuracy. The 
reader should keep the accompanying scheme in his mind. 


= ar a: 


= 2, + 


A A? A8 At Ab 

% 

i me &y 
a Zo — 22, +% 

Z9— 2 23 — 329+ 321 — % 
Zo 23 — Qo +21 24 — 423 + 629 — 42, + 2 

23 — 29 24 — 82,432. —% 45 — 524+ 1023 — 10z,+5% — 2, 
£3 a4 223 + £9 25 424 + 623 = AZ +4 

24— £3 a 324 + 323 — ko 
&4 25 224 + 23 

25 — 4 
&5 


* Another method of computing central differences at the border of a table may be of 
value. Namely to consider 6%u) unknown and determine its value from a directly computed 
interpolate. If d4u) be not insensible then two directly computed interpolates will give two 
equations to find these unknowns. For example in a table of antilogs we have 

00 10000000 OUg—o 
01 10232930 "uu, = 5425, 
while 5!u, and du, are negligible. 
Compute the antilog of 005, i.e, 10115795. Hence 
10115795 =} (1 + 10232930) — A, 1:5 (8°u, +5425), 
hence we have : 670 = py (Guy) +5425) 
624) =5295. 
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When the z’s are numbers the differencing can, even if the values are to 
ten figures, be done rapidly on a machine. The subtrahend of the previous 
subtraction is not cleared with the slide, but transferred to the slide and the 
new subtrahend then takes its place. The work is tested by simply adding 
up any column; the successive numbers should be those in the previous 
column. This is best done on a recording adding machine, examining the 
totals at frequent intervals, if we are working columns of 50 to 100 differences. 

In the above scheme the first entries in each column are the successive 
forward differences of z,; the second entries are those of z, and so on. The 
entries on the same line as any function-value are the central differences of 
that value. These we shall represent by 6°, 64, ete. 

Thus we have : 


02, = 25 22, eg Gs” I eee (ii). 
O72, 2, ha RIN ap Sea sen tence eres on. (ii1). 
042, = 2, — Aies-4- 62,— 42, 4+ 2p = Atty coer ene csvccssczss (iv). 
Again we have: 
EZ, SOG = 00 Sees Te ie ROO RAE (v), 
(NOD) =O 2y Oe. Geils ct PRE eC eae eee (vi). 


Clearly unless we can find function values like z_, and z_, one cannot 
obtain the first or second (6? or 6‘) central differences of z or the second (6°) 
central difference of z,. 
Now the above values indicate that all odd differences can be expressed in 
terms of lower, even central, differences. Also we see that 
O'2, = 2, + 2, — 2, 
O1Zp SRO Lgl O'S, — BOM) shan saasiecalenceesn eae (vii) 
682, = 642, + diz, — 2642, 

and so on. 

Thus the requisite central differences can be calculated at once without 
introducing the odd differences columns at all, by the simple process of adding 
from the previous column the entry in the row above to the entry in the row 
below and subtracting twice the entry on the same row. Thus: 

62 64 
% 
ay Zgo+% — 2% 
og thy —2ey — (Zg +g — Dag) + (2g +2 — 22) — 2 (2g +24 — 2z0) 
23 Z4 + 29 — 223 (25 + 23 — 224) + (43 +2, — 229) — 2 (24+ 2 — 223) 
aq +23 — 2eq 
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The process on the machine is practically very rapid and half the labour 
of differencing is saved. 


We will now convert our forward difference formulae into an “end-panel” 
or “first-panel” central difference formula. If we use only & and & we shall 
be as accurate as if we had worked with a fifth difference formula. 


Substituting we have, neglecting sixth differences: 


oy = By +4 (2,—%) ae Oz, + ae (822, — 8z,) 


. 


*) (82, <B2,) 


a mG pty les Nene 


Write #= 0, 1—a#=¢, and we obtain for a 
First-panel Central Difference Formula : 
Zo = $&% + 02,— 406 {((4 + p) &z, —(1 + dh) &2,} 
— reo 9G (1 + p) (2 + $) ((8 + G) dz, — (3 + f) 425} 
— gory 9G (1 + $) (2+ 6) (3+ $) (4+ f) (12 + p) 8%; — (5 + ) di} 
erin La coh ween Rn at Siena GAT ORC TON Cee ae ees (viii), 
This formula enables us to interpolate on the border of a table from the 
central differences, which can be found from the entries of that table, ie. 
without extrafinial values being calculated. If the sixth difference term be 
negligible, then the tabulation of 6 and 6 for the actual entries, where avail- 


able, will be adequate, for no central difference of z, and only one of z, is 
required. 


We now pass to the panel between z, and z, and suppose the interpolate 
to divide this as 6’ to ¢’. We have at once 0=1+ 6,6 =¢' — 1, and remem- 
bering that we can write 2 = 6%, —2,+ 22, we find after transforming to 0’ 
and ¢’ the 


Second-panel Central Difference Formula : 
2 =P At Gn —EOP (1+) Pat (1+ &) &a} 
tate WP (LF O) L446) (7+ P’) Oe — (2 + $') di25} 
+ aden 1G (1+ 8) (1 + $')(2 +4") (B+ 4’) {(11 + 4") 32, — (44 $') 8a.) 
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We will now proceed to the third panel between z and z,, and write 
O’=0', db” =1+4+¢'. We must get rid of z, and 6’z, by the formulae : 


2, = 8% — 2,422, 82, = 842, — 82, + 26%%,, 


and we find after some reductions the: 


Third-panel Central Difference Formula: 
Zor = 2. + 0"2,— 40" " (14+ ") &z, + (1 + 0”) 825} 
+ zhy Ob" (1+ 6") (1 + 6”) {((2 + 6”) 84a, + (2 + A”) 8425} 
— sday OG" 1+ 8") 1+ $2 + A) (2 + $) {10 + G') 0%; — (3 + $") dz} 


The law of development is now clear and we can write down the general 
result on the supposition that each term has its full complement of central 
differences. Namely if the panel be between z, and 2,4, with the intervals 
@ and } : 

Zo = bs + 0254, —$ 0d {((1 + ) &2,+ (1 + 8) 8254,} 
+ zhp OP (1 + 0) (1 +) (2 + p) diz, + (2 + @) 0% 543} 
— sor5 OG (1 + 4) (1 + $) (2 + 8) (2+) (3 + G) 025 + (3 + A) 82543} 


This is Everett’s Central Difference Formula. It isin every respect superior 
to the Forward Difference Formula. It fails, however, in special cases when 
we come to proximo-finial regions. For such regions the First, Second, and 
Third-panel Central Difference Formulae given above have been introduced. 
A further slight objection to the formula is that it ultimately involves a 
knowledge of an even number of table entries. For example, if we go to & 
the differences are based on a knowledge of 


43-3, 232, 23-1, 23, Zstiy 2sto, Zs43) Ss+a- 


When it is desirable to use an odd number of table entries Everett’s 
formula cannot be used, 


While not advantageous for interpolating a frame, it is excellent for 
entering an already constructed table, supplied with the values of 8 and 6. 
If it is needful to go to 6° then we can easily find sixth central differences 
from 

5°z, = 42, + 042.4, — 26425. 

The use of Everett’s formula will be much expedited by the publication 

of tables of the coefficients, which are now being computed. Assuming, that 
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as usual, our differences correspond to the last figures of the tabled entries, 
then as a guide to what differences need be used, we remark that it is 
unnecessary to use any second difference (8?) under 4, any fourth difference 
(6) under 20 and any sixth difference (6°) under 100. 


If only second central differences are attached to a table we can express 
our formula in terms of these only. Thus up to and including terms of the 
fifth difference order we have: 


29 = 2g + 02541 + zhy Ob (14+ 8) (14+) [(2 + ) Se5_y + (2 + A) 87z,45} 
— zhy Ob (1+) (2 + G) (30 +8) &2, 
— zhy Of (1 + A) (2 + 8) (Bh + 8) O41 eee eec eee eens (xii). 


Similarly it is possible to write down a central difference formula correct 
up to and including the seventh order differences which will involve only six 
second differences. 


It is clear, however, that as we have also to use z, and 2,,, we should not 
gain much in practical application—given machine computing—on a Lagran- 
gian formula of the type: 


Zo = Ng_3Zs—3 + Ns—92%s—9 F Ns—1 Spy F Ng Zs F Ng pi Zs41 + Ns422s42 
+ Ns43%s43 + Ngy4Zs44, 


for we should have a continuous process of multiplying in pairs the n’s and z’s 
and adding the products. Relative speed of working would largely depend on 
whether the (6, ¢) coefficients or the n’s were already calculated and tabled. 


The n’s will not probably be known a priori for any special individual 
value of z likely to be demanded from a completed table. On the other hand 
they will be calculated when it is our business to construct a table from its 
frame, because the same values of the n’s will be used over and over again for 
each panel. Thus our experience has shown us that for entering a completed 
table central ditference formulae are most valuable, but for constructing a 
table formulae of the Lagrangian type are the best. 


We now turn to such formulae. We shall go a roundabout way to deduce 
them because it is desirable to indicate that forward difference, central differ- 
ence and Lagrangian formulae are all the same thing in reality, only expressed 
in different forms, and that accordingly one general criticism applies to them 
all, which we shall discuss later. 
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Returning to (i) let us insert the z-values of the differences as given in the 
scheme on p. 11 and rearrange under separate z’s. We find: 


e(e—1) «#(#—1)(#—2) 
ce is Cas +.) 
(em Ute) Od) (oda a) 


2! 3! 
a—I1 a—2)(@—-—3 2 — 2)(e—3) (4-4 
pea Spe Owe) Se) eat ee 
ee 
AX OUGs I Sr stodssesodeins sone wete dogo Saeed Sonat TOA teak eee Oe ee eee ae tren (x11). 


Now it is easy to show that 


l = Geigue ee (@ — 7) (@— eee a 


is equal to unity for =r and vanishes for z=r+1,r+2,...n—1, if there 
be n values of z, or we proceed to the (n —1)th order of differences. Hence this 
expression must be of the form 


C.(e—r—1)(@—r—2)......... (2—n+1). 


But when #=r the value of the expression is unity. Accordingly we 
have: 


Cee Di 22) eae css (—_n+r4+1)=1, 
X (- byte 
or OF = (n—r—I1)! . 


Thus the coefficient of z, in z, is seen to be: 
a(* —1)(a—2)...(~—r4+1)(#-r—-1)...(@@—n4+1) 
PAG = LY) GL ie eee ee eee (r—n+1)’ 
an expression equal to unity at =r and vanishing at 


TRAMs Pgs Pe 1 ded con Ze Il. 


Accordingly the forward difference formula up to the (n—1)th order of 
differences is seen to be a parabola of the (n—1)th order: 
Ze = CoG + CG... + Cnt 


with the constants ¢), ¢,... Cy So chosen that this parabola passes through 
the n points where the ordinates are 2%, 2, 2... 2n1.- We can at once 
generalise the expression thus reached from the forward difference formula 
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and make the abscissae of the points d), @,, @y, ... @n_, instead of 0,1, 2,...n—1, 
thus reaching the general Lagrangian formula in its most useful form : 


aie (@ — a,) (@ — de) (@ — G3) ... (@ — An) 
~ "(ig — 1) (Ay — Ay) (ip — Az) (Ap — Ons) 


by 


ky (w — Gy) (# — My) (@ — ds) “es (x — Gen) 


EB (a, a Ay) (dy — de) (a — Qs) we (a, — An—1) 


(@ — Q) (a — a) (@ — ay)... (@ — An) 
(@_ — Gy) (Az — A) (dy — Ay) --. (de — Gn) 


+ 2, 


fae (@ — Gy) (@ — a) (@ — Gs)... (@—An—2) ees 
(Ana — Mo) (An—a — G1) (Gna — As)... (A. — An_2) 


This formula would be most cumbersome, if we had to insert a given 
value of « for a single interpolation into a table, but as we shall shortly 
proceed to show it is very valuable for computing interpolates at regular 
intervals in the panels of a frame. 


We have now shown that forward difference formulae, central difference 
formulae and Lagrangian formulae, when the interpolants are spaced equally 
apart are really different aspects of the same process, 1.e. running a parabola 
of the (n —1)th order through n points. The assumption made therefore in all 
these interpolation methods is at bottom the same, namely that by taking a 
sufficiently high order parabola we can approximate closely to the true 
function. But the differential coefficients of such a parabola are at every 
point finite and continuous. To get therefore a good correspondence of the 
function and the parabola the above conditions should hold for the function. 
The problem is like that of legitimacy of expansion by Maclaurin’s Theorem. 
As a rule the interpolation formulae work, but once in a while bitter experi- 
ence forces us up against cases in which increasing the number of differences, 
or the number of points through which the Lagrangian parabola is passed, is 
quite ineffectual as a method of obtaining accurate interpolates. In one 
case effective interpolation over very wide panels can be carried out with a 
quite low difference order formula; in another, with relatively small panels 
and high differences, interpolations appear very unsatisfactory. The reader 
has only to try his hand at interpolating between 1 and 2 in an ordinary 
table of square or cube roots to appreciate this! Suppose he wanted to 
determine the cube root of 1:1067; he would not use high differences and 
interpolate between 1 and 2, but he would interpolate between 1106 
and 1107, ie. reduce his interpolant interval to practically 559th of its 

P. 9 
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value between 1] and 2*. This reduction of interval is possible in a table of 
cubes, but in most tables it is not feasible, and we are up against the 
difficulty of making our intervals so small that a high order parabola will 
adequately represent the function without at the same time exceeding the 
possibilities of printing. It is in such cases that the help of the mathe- 
matician is needed to transform the function, or devise an auxiliary function, 
from which the non-interpolable factor has been removed. 

It will be observed that (xiv) can be applied to either an odd or even 
number of table entries, but that Everett’s Central Difference formula really 
uses an even number of entries. We accordingly ask whether it is not ~ 
possible to obtain a central difference formula involving an odd number of 
points. To reach this end we do not interpolate into the interval between 
two entries, but into the nearest space round a point. We shall term 
Everitt’s central difference formula a “mid-panel central difference formula,” 
and that we now proceed to investigate a “mid-point central difference 


formula.” It should be applied only within the interval #=— 4 to w=4, the 
origin being taken at the value z of the function, and the entries used being: 
Bs, 2-341) +++ S25 Sry Fo, Fay S49) +++ Seay Zz. 


Returning to equation (vill), p. 18, 1t will be remembered that we had to 
retain differences of 2,,2;, etc. because we could not use points on the negative 
side of 2, 1.e. 24, 2», etc. This restriction is now removed. We can always 
replace z,, 2, etc. by expressions in terms of 2, 2, z., and their central 
differences. Thus the following expressions will often be found useful: 

Zy = O'2,+22,—%, 

25 = O42, + 4622, + 32, — 02, — 2%, 

z, = 82, + 6842, + 100%z, + 42, — O42, — 482, — 32, 

By = 882, + 80%, + 21542, + 20822, + 52, — dz, — 6542, — 10822, — 4z, ...(xv), 
or in terms of the central differences of z, and z_, only: 

Sy = 02, + 22,—%, 

Zz = 012, + 4072, + 22, - 24, 

2, = 82, + 6642, + 98?2,.— 8'2_, + 22, — 2z_,4+ %, 

2, = 082, + 86%, + 20642, — d'z_, + 168%2, — 46°z_, + 32, — 2z_, ...... (xv) 


The reader can verify these by remembering that 


* This amounts to saying that, except for small stretches of the function, a cannot for small 
values of « be adequately replaced by a parabolic curve. 
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From these results by operating with 8? we can obtain the central differ- 
ences of Z,, 23, 24, Z; in terms of those of z,, 2 and z_,. 


Substituting such values obtained from (xv) in equation (viii) and re- 
arranging in order of differences we deduce: 


x (a? ie 1) Se, — x(a — a -- 2) Se, 


Zy= 2 (1 — #7) + 02,+ 
7 what aL) a) _ ae — 1) (@ — 2)(@—-3) g, 
5! oh 5} oe 

pM@~W@-A(#-9) ,_ w(@— 1) @- 4) (@-3)@—4) 55 

TA a ; 


BES COCs fered sidsin. ds snBe vee wads medeewibG ale yada mer eT ROM CCEkacnss aabeoree (xvi). 


This formula as it stands may be of use if we desire to use only central 
differences on one side of the origin. Writing down a similar expression for 
the other side we have: 


’y = & (1+ 2) = Bis eah ee 2) 00, 
_ a(a@— Dee =4) 5, (@-1)(@ a) (@+3) 5 
cae Uae 4) (a2 — es ee ee 
re ne hs Shi ee ee (xvi), 


Taking the mean of (xvi) and (xvi)”* we reach : 
Zy = + 4a (4,-24)+ “S12 (8z, — 6°z_,) +57 7 8 


= ConlG Seal (42, — Se_,) + ea » 542, 


512 4} 
4 ee = AN (P= 9) 6. : a (a —1)(@" — 4) ,, 
719 (852, — 8% ao eis! 61 °Z, 
Pe oh PEA MEE EY EP OPE OO SOA eh OE. TO EOD ack A eee reg re Oe (xvul) 


Clearly each term in the central differences of z, and z_, is of one higher 
difference order than the term in the same line in the central differences 


of %. 
We can put this formula into a handier form for computing by using the 


relation 
6° A= 65-2 a+ 625-2 Z4—2 623-2 Bas 


2—2 
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It then becomes: 
t,=(l—-#)(1l+a)4+3e(1+4)4~—4xe(1—a2)z_, 


2D (a 4 2) Be, 4 (0 ~2) Bes — 200% 
4 
a (a ee SNe x +3) 0% + (@— 8) d4z_, — 2x84} 
ees!) Wee 1) P=) (a 4 4) 88, + (@ — 4) 'e_4 — 208%) 
ACEC Saks oe cao ep nee Oo ee eh ad MPN GA Tenis ee a een (xvill). 


This is the mid-point central difference formula we have been seeking. We 
could of course get rid of all the z central differences, but there are certain 
advantages of this result.in .its-present form, although it requires us to use 
the central differences of three points instead of two as in Everitt’s formula. 

Consider the sixth order difference term ; 1t may be written as 

4 (882, — 88z_,) + w (852, + 5%2_, — 26%). 

The first term is a seventh order difference, the second an eighth order 
difference. Hence if we neglect this term we shall be neglecting only 
seventh order differences. In other words our fourth order difference ex- 
pression would neglect only seventh order differences. Everett’s expression 
to fourth order differences neglects sixth order difference terms. Our ex- 
pression is therefore more exact than his, but this exactness is gained at the 
expense of using &z, and 8z, besides 6%z,, 6°z_,, 54z, and 64z_, 

The mid-panel and mid-point central difference pee he seem to provide 
all that is requisite for interpolating into an existing table. Their high degree 
of accuracy enables a table to be constructed with fairly wide entry intervals 
provided 6 and 6 are tabulated. Indeed we should term a table satis- 
factory if in all stretches of it, we could interpolate to eight figure accuracy 
by aid of the tabled values of 6? and 64, 

If the criticism be raised that table-users will not be content with 
formulae so cumbersome as (x1) and (xviii) (with side panel formulae like 
(vill) or (ix) for proximo-finial regions) we reply : 

(a) That the formulae are largely cumbersome in appearance. 

.(b) That with the publication of tables of the central difference coefficients 
now in hand even (xvii) will reduce to 
Ze= fil@) a+fr(@) at f(#) 24 
+ fi, (aw) &2, +. fy (w) 82_, + fe (x) 82, 
+f (x) 042; 4- fg (w) O42_1 + fy (x) O42 
where the factors f(a) and the z quantities will both be tabled and the whole 
operation will be continuous on the machine. 
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(c) That experience in using such formulae for single entry tables 
is very desirable, for unless they are used in tables of double entry the bulk 
of such tables become impossible owing to the labour involved in computing 
and the expense of printing. 


After all the computer of a table has to be considered as well as the user, 
and a balance struck between the two. The user often forgets the months 
and possibly years of work that have been spent to save him a few hours of 
labour. How limited is often the gratitude shown to men like Degen or 
Legendre, or the unknown men who before the machine age calculated 
tables of cube roots and ‘of reciprocals! The user of a table groans if he 
has to use two differences, not stopping to ask how many the computer had 
to use in constructing the table. Asa matter of fact the use of machines 
has largely replaced many of the old single difference tables. A table is not 
wanted twenty or more times an hour by the modern calculator. He com- 
putes his product 8 figures by 8 figures in far shorter time than it would 
take him to get merely an approximate result by logarithms. He rattles 
out square roots of ten figure numbers to any required number of figures on 
his machine with a rapidity quite beyond that of interpolation into a table 
of square roots. And yet though some tables are less frequently used, the 
coming age will be one of many tables. The paradox hes in the statement 
that the tables of the future will be tables made to save great occasional 
labour. They will be tables of integrals, of functions used in physical in- 
vestigations, and of functions arising in statistics. Most of these are harder 
to calculate than the older logarithmic and trigonometrical functions. To 
start de novo and calculate such a function may need some hard thought 
and hard computing. The computer of such tables immensely eases the 
labour of the physicist and of the statistician; these latter workers must be 
content, if the computer has reduced their labour to as many minutes as 
they would have required hours without his aid. They must not grumble, if 
they are called upon in tables which they need only occasionally to put up 
with two differences. Ten tables of different functions with two central 
difference entries are of far greater value to the computer than a single 
function tabled to a tenth of the interval and so of the same bulk which 
can be entered with a single forward difference. 


It is on the ground of even justice to table-user and table-computer 
that we appeal for a more liberal use of higher central difference inter- 
polation formulae, and consequently for a wider knowledge of them, and 
a practical training in their use from the higher school classes onward. 
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We must destroy ab initio the current notion that to enter a table is to 
use proportional parts ! 


Lagrange’s Formulae for filling in Frame Panels. 

We have hitherto been dealing largely, though not entirely, with inter- 
polation by central differences into completed tables. We have reached 
mid-panel and mid-point central difference formulae. These correspond to 
and are really identical—albeit in a different form—with Lagrangian para- 
bolae passing through an even and an odd number of points respectively. 
The Lagrange formula is not a good one for interpolation into completed 
tables; it has marked superiority over difference formulae when we come to 
computing tables de novo. 

Given our framework we desire as arule to halve the interval, to divide it 
into five equal sub-intervals, or to divide into ten equal sub-intervals. Other 
cases of course may occur, of which some will be referred to below, but these 
are the principal cases which are likely to arise, if the frame has been well 
chosen. On the other hand the fewer the frame entries used for interpolation, 
provided the requisite accuracy is obtainable, the lighter the labour. The 
maximum of accuracy will be attained when we interpolate in mid-panel or 
round mid-point, but since for proximo-finial regions it may be needful to use 
side panels these will be occasionally considered. We shall deal with the 
following cases: “ 


(a) 5-point mid-point formula, and again: (e) 4-point mid-panel formula, 


(8) 7-point mid-point formula, () 6-point mid-panel formula, 
(y) 9-point mid-point formula, (yn) 8-point mid-panel formula, 
(8) 11-point mid-point formula, (8) 10-point mid-panel formula. 


(a) 5-point Mid-point Formula. 
The general equation is: 
ate —1)(¢—4) 
ved 24 le a oa 


eee ee 


2,582 phe (BS_g — 202_1-+ 902 = 602; — 52%) .nerwerstcessnosesdauctercnses (a) (11), 
Byes phy (— 52. + 282_, — 702 + 1402, + 852_) ......ccceseececessceees (a) (111). 
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It is better to read the first value for example as above instead of 
2.5 = °02343752_, —°156252_, + '7031252,+ °468752, — '0390625z, 


because the operation of multiplying out by these longer numbers is slightly 
more laborious, than using the simpler multipliers and dividing by 128. Of 
course in both cases the operation is a continuous one on the machine. As 
the multipliers grow larger there is little difference in the labour, and we 
shall sometimes give one form and sometimes the other. An interchange of 
the negative and positive z’s will of course give at once 2_.; and 2_;.5. 


The method of working is illustrated at 

the side. AB isa slip of paper or thin card 

A —e ruled to the spacing of the frame columns, 
with the multiplier opposite the correspond- 
ing frame entry. At top is the index number 
for storage and identification, at bottom the 
EO feats "12209793 divisor. ‘The arrow indicates the position of 
the interpolate. The continuous process on 


12330081 


cfaeeed \aawaits 12269642 


OO iscenoe *12150523 : : ‘ 3 

—> | [-1212,1103,4] the machine gives '1212,1103, which is correct 
+60 ...... "12091826 to eight figures. Thus the number of entries 
ae ‘12033692 -«-m the table could be doubled by the process 


indicated. The slip AB is shifted gradually 
up or down the frame column, the dotted 
B lines giving the interpolants and their multi- 
pliers, the arrow head the position of the 
corresponding interpolate. The process is 
precisely the same, if we were working with 11 interpolants, and inserting 
interpolates at #=°1, ‘2, ‘3, ‘4 and ‘5 and at x=—-l, —°2, —°3, —°4, —°5. 
In this case there will be nine vacant lines in the frame between the 
entries z and z, and again between z and z,. There will be fwe slips 
each with 11 multipliers on them and nine vacant lines between. The 
arrow head will point to the line for which the interpolate is calculated. 
The slips for « =—1,—"2, — +3, —-4, — 5 are obtained simply by reversing 
the order of the multipliers. It is a good test of the efficiency of the 
formula used to work w=°5 first as a positive interpolate from 2, and 
then as a negative one from 4, and observe, if the two agree. In working 
a large table-frame by this slip process and continuous machining, the 
computer rapidly has the multipliers so impressed on his mind, that they 
pass mechanically on to the machine, the eye following only the frame 


a a 11976114 


entries. 
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We now divide up the frame interval into four equal parts. For this we 
only need to find 2, and 24, 2. and z_., will follow at once by reversal of slip, 


We find : 


"12641419 


12483812 


“12330081 


*12180086 


(-1212,1103,6] 


-1203,3692 


11890771 


11751201 


2 


(a) Gv), 
shoate (a) (v). 
Let us apply (@) (v) to interpolate on the 
same table as we used for the last illustration. 
The interpolated value is ‘1212,1103,6 
only 2 in the ninth place of decimals above 
the value found from a frame which has 
entries four times as close. But as the 
actually calculated value is -1212,1103, and 
we should be compelled to give our present 
result as 1212,1104, we see that our frame 
is too open for a mid-point five-point inter- 
polation to. be quite satisfactory, unless we 
proposed to cut off at seven figures. Had 
we computed our frame to 9 or 10 figures 
this interpolation would very lkely have 
been adequate™*. 


The Table from which these illustrations 
have been taken is that of the Trigamma 
Function computed by Miss Pairmant. In 
that case no interpolation was used and 
each entry was directly computed. 


We can now proceed to the insertion of 
nine intermediate values by this formula. 
All we shall need will be z., and z., for the 
others have been already found. 


* The illustration in the next paragraph suggests that this is the source of the slight discrepancy. 


+ Tracts for Computers, No. I. 


Cambridge University Press, 1919. 
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We find : 
2 =} (0627z_, — 47882_, + 790022, +°58522, ~ 06932.) ...(a) (vi), 
20 = gop (922 — 662_, + 5942) + 992, —L1z,) ..eccesececesesenees (a) (iv), 
= §((15472_, — 1:09482_, + 711622, + 2:0332z, — 20932.) (a) (vii), 
ate (142_,— 962_, + 5042, + 2242, — 212.) ..cecccseeenecrens (a) (v), 
Bu = x45 (32-9 — 202_, + 902) + 602, — 52) cyersscnsecsscenscoecces (a) (ii). 


2 


Let us apply this to find the function at 3°87 from the series : 


x 


3°63 +12868867 
3°73 12546382 
3°83  °12239644 


= 


3°93 11947530 
4-03 11669020 
We find by (a) (v) 25s, = °1212,1102,9 correct to 8 decimals. 
It is clear therefore that this area of the table would be adequately based 


on frame values worked to nine or ten figures at intervals of ‘1 and the ‘01 
values inserted by 5- or 6-point Lagrangian formulae. 


(8) 7-point Mid-point Formula. 


The general equation is 


_ a? —-1l)@Y-)e— ae 5 _g 2 Ba 


i (ea 
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We first give mid-interval interpolation. 
2.5 =oyg {— 525 + 422_, —1752_, + 7002, + 5252, — 702, +725} ...... (8) (ai), 
tus = raya {+ 720 5405+ 1892, — 4202, + 9452, + 3782, — 2124} ...(8) (iii), 


Zes = qoyg {~ Ble + 1542_,— 4952_, + 9242, — 11552, + 13862, + 2312} 
et (8) (iv), 


It will be seen that to obtain z,.; is like working with forward differences, 
and we may try the effect of such an interpolation on the following: 
*1398,2863 2_, 
1360,3040 2_, 
gs D2. EA hy (ese dae 
1290,2028 2 
ADIGA Ae; 
1226,9642 2, 


— Se Zo05 


1197,6114 2», 
We find 2.; = °1212,1102,7 or in agreement to the 8th decimal place. 


We may now try and see how this would work in the proximo-finial region 
of the Digamma Table *. 


We have: 
00 =*5 7721566" 2, +. 231 


08 —-4527,99384 2, +1386 
16 —:3409,5315 2, —1155 
‘24 —-2394,93868 2 + 924 
32 —'1467,4236 2 — 495 
‘40 —-0618,8454 2 + 154 
48: +-0176,2627° 2, — 7 2t 


* Tracts for Computers, No. I. 


, 
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We want zs; and must reverse our multipliers. We deduce 2 -5;= 
— ‘5132,7521, but the true value is 2_..; = °5132,7488. 


Thus we should not be able to fill in this frame of ‘08 intervals by the 
end panel values of a 7-point Lagrangian. If we reduce the frame to ‘04 
intervals or take: 

‘00 


04 —'5132,7488 2, +1386 


‘5772,1566 23, + 231 


08 —-4527,99384 2, —1155 
12 —°3954,55383 2 + 924 
16 —°3409,5315 2 — 495 
20 + —-2890,3990 2 + 154 
‘24 —'2394,93868 2 — 21 


We find for # = ‘02, z_).,; = —°5447,8931 which is absolutely accurate. 


Thus we see how in such a proximo-finial region of a table a formula which 
works well in the body of the table may fail, and we may need to much 
reduce our frame intervals. 


We now give the formulae for dividing the mid-point space into four equal 
parts, Le. 
2.9 = pehgs [— 2812_, + 20162_, — 92402_, + 739202, + 13860z, 
— 24642, + 2642,} ...... (8) (v), 
Z.4 = tehy5 [- 3642_, + 30942_, — 13260z_, + 618802, + 309402, 
— 46412, + 47625} ...... (8) (v1). 
We are approaching the limit at which much is practically gained by 
keeping the multipliers as the ratio of whole numbers. 
To obtain the power of dividing the frame panel by a 7-point mid-point 
Lagrangian into tenth intervals we only need now to find z., and z.,. We have: 
2, = ——'___{— 12,7281z_, + 112,7346z.. — 538,05152_, + 7891,4220z, 


a 80,000,000 
+ 657,6185z2, — 124,6014z, + 13,6059z,} ...... (8) (vii), 
or exactly : 


2, = — 00159,10125z_, + '01409,18250z_, — 06725,64375z_, + -98642,77500z, 
+ °08220,23125z, — ‘01557,51750z, + 00170,07375z;...... (8) (wit). 
This form of the result presents little difficulty if the computer is using a 


12 x 12 machine showing 24 figures in the product. Such a machine is a real 
necessity, if we work the frame to nine or ten decimal places. The older 


28 ON THE CONSTRUCTION OF TABLES . 


8x9 machines showing 18 figures in the product may give some trouble; 
8 x 9 machines showing 13 figures are quite inadequate. 


aq = ——1___ {— 82,02292_4 + 275,67542_, — 1219,33352_, + 7045,03802 
+ 2264,47652, — 372,9726z, + 39,13912} ......(B) (viii), 
or 
Zu = —00400,286252_, + 03445,942502_, — 15241,668752_, 
+ 88062,97500z, + :28305,956252, — 04662,15750z, 
4004809387520, aati ca aa Gea eee (9) (viii). 


It seems unnecessary to give special illustrations of the use of these 
formulae and to avoid taking up too much space we shall merely state the 
results for 9 and 11 mid-point Lagrangians. Sufficient illustrations of end 
and side panel interpolation formulae will be given in the cases of the even 
or mid-panel Lagrangians. 


(vy) 9-point Mid-powt Formula. 


The general equation is 
2, — Phe =I) (ae 4) (a? — 9) (2 = 16) | . 


4 Z_3 a3 = 
a+4 Oana ne ger 


z 8! 


<0 eine 4. 23 Bq . 

DO ag 3028 5 8st Brice (y) Q), 

24 = gz {021,983,247 2_, — °232,596,936z2_,4+ 1:201,750,8362_,—4°588,503,1922_, 
+ 63:091,918,890z, + 5°608,170,568z, — 1°328,250,924z, + 248,638,104z, 

— 0231 10,593z,} nce ee (y) (11), 


Zn = {-000,642,0482_, — 006,741,5042_, + 034,320,3842_, — -125,841,408z_, 
+ 943,810,560z, + 188,762,112z, —-041,947,1362, + -007,704,576z, 
— -000,709,6822,} .......- (y) (iii), 


2.3 = giz {055,857,087 2_,—582,267,8162_,+ 2°923,997,0762_,—10°346,451,1922_, 
+ 56°043,277,290z, + 19°214,837,9282, — 3:955,996,044z, + °711,660,664z, 
— 064,914,993z,|.......... (y) (iv), 
2.4 = {'001,018,3682_, — -010,548,1042_, + ‘052,276,2242_, — -179,232,7682_, 
+ °784,143,360z, + °418,209,792z, — 078,414,366z, + ‘013,787,136z, 
— 001,244,672z,} ......... (y) (v), 
gts ['546,8752_, — 5°625,000z_, + 27°562,4962z_, — 91°875,000z_, 
+ 344°531,2502, + 275°625,000z, — 45:937,496z, + 7°875,000z, —"703,125z,} 
Sen tsn (y) (v1), 


a5 
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215= sty [—°703,1252_, + 6°875,000z_, — 30:937,500z_, + 86°625,000z_, 
— 180°468,750z, + 433°125,000z, + 216°562,500z, — 20°625,000z, 
+ 1:546,8752,| ....5... (y) (vii), 
2e5= sty {1°546,8752_, — 14°625,000z_, + 62°562,5002_, — 160°875,000z, 
+ 281°531,250z,— 375°375,000z, + 563:062,500z, + 160°875,000z, 
— 6°703,1252,} “0... (ry) (vi11), 
2x5 stg {— 6°703,1252_, + 61°875,000z_, — 255:937,500z_, + 625°625,000z, 
— 1005°468,750z, + 1126°125,000z, — 938°437,500z, + 804:375,000z, 
+ 100°546,8752,} 0.0.0... (y) (ix). 
The multipliers are reduced to fewer figures by taking the divisor 512 in 
(y) (v1) to (viii). Thus a 9x8 machine may be used*. No similar change 
suggests itself for z., and z,. In all cases the multipliers are given exactly 


but the number of decimal places which it is desirable to retain in actual 


working will of course depend on the nature of the table which is being 
constructed. 


(8) 11l-point Mid-point Formula. 


The general equation is 


_ @ (a? — 1) (x — 4) (@? — 9) (a? — 16) (@? — 25) (25 eh 2s 

We 10! er se nreerge Oirreg 
a2 Se rane 2° si ees 22 4s 
pe te, ea 252 + 210 5 120 9 + 45 5 

24 Ls ; 

-10-* + eo sececes (8) (), 


én = Ay {— 0049,0714,92472_, + 0610,4014,9170z_, — 3632,8733,94152_, 
+ 1-4300,8349,4840z_, — 4°7777,7894,8670z_, + 63:0666,8212,24412, 
+ 5°8395,0760,3930z, — 1°5806,1859,9560z, + 3883,4163,8685z, 
— -0641,7041,3230z, + 0051,0744,10532,} ......... (8) (ii), 
2m = gy (— 00859,546882_, + -04451,532802_, — -26291,86560z_, 
+ 1:01980,56960z_, — 3:27187,66080z_, + 23°55751,157762, 
+ 490781,49120z, — 1:24642,91840z, + *30047,84640z, — °04920,11520z, 
+ -00389,509122,} ......... (8) (iii), 


* 21.5, 2956 and 23.5 might be still further bettered by multiplying the factors and divisors by 
another 8. 
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25 = gy: {— 0125,4301,9203z_, + 1546,0000,4130z_, — 9065,1820,6035z_, 
+ 3°4684,1748,3960z_, — 10°7387,5413,3030z_, + 55°8415,2149,17562, 
+ 19-9434,0053,2770z, — 4°6925,6483,1240z, + 1:1079,6669,6265z, 
— ‘1796,7027,5070z, + 0141,4425,56972,} ........- (8) (iv), 


2.4 = gs {—00572,549122_, + 07026,73920z_, — '40920,42240z_, 
+ 1°54588,262402_, — 4°63764,78720z2_, + 19°47812,10625z, 
+10: 82117836802, — 2°31882,39360z, + °53511,32160z, — -08588,23680z, 
+ °00672,122882,| -...... 03 (5) (v), 
25 = zalnn (—(984,3752_5 + 12-031,2502_, — 69°609,3752_, + 259'875,000z_, 


96 
57-968,7502_, + 2728'687,500z, + 2273:906,250z, — 433'125,000z, 
+ 97-453,1252, — 15°468,750z, + 1°208,1252,} ....0..-. (8) (vi), 
Zus= roby (+ 1°203,1252_, — 14218,7502_, + 78-203,1252_, — 268°125,000z_, 
+ 656:906,250z_, — 1313°812,500z, + 3284°531,250z, + 1876-875,000z, 
— 234-609,375z, + 31°281,2502, — 2'234,3752,} ....0.. (8) (vii), 


Zos= aolyg {— 2°234,3752_, + 25°781,2502_, — 137°109,3752_, + 446°875,000z_, 
— 1005°468,7502_, + 1689:187,500z, — 2346-093,750z, + 4021:875,000z, 
+ 1508:203,1252, — 111°718,750z, + 6°708,12525} ........ (8) (viii), 
Zys= atyg (+ 6°703,1252_, — 75°968,7502_, + 394-453,1252_, — 1243°125,000z_, 
+ 2658-906,2502_, — 4102'312,500z, + 4786°031,250z, — 4558'125,000z, 
+ 5127°890,6252, + 1139°531,250z, — 37-984,375z,} 0.0.00... (8) (ix), 
Zus= qolgg {—37'984,3752_5+ 424'531,2502_,—2165:109,3752_,+ 6661'875,000z_, 
—13,777:968,7502_,+ 20,207 °687,500z,—21,651:093,750z,+17,320°875,000z, 
— 10,825°546,8752, + 7217-031,250z, + 721°708,1252,} ......... (8) (x). 


The results are arranged so as to give as few figures for machine multiplying 
as feasible, but we are reaching the limits of what can be done with existing 
machines in single operation. In many cases the reader will find it best to 
divide out by the denominator and retain only eight or ten figures of the 
quotients as may be requisite for the purpose he has in hand. 


The above equations may prove useful in filling in a frame in proximo-finial 
areas, when the differential coefficients of the function take finite values. But 
the better policy is to reduce the frame-interval before interpolating, rather 
than to use 11-point interpolation formulae. If the tenth difference be not 
negligible then either the frame intervals are too large to make interpolation 
serviceable, or what is more important the differences are probably divergent. 
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This latter possibility is not directly manifest, when the Lagrangian method 
is applied, and this is its greatest defect. 


We now take mid-panel Lagrangian systems and start with four ordinates. 
(e) 4-point Mid-panel Lagrangian. 


The general formula is 


For the mid-panel ordinates we ee 
oy = 19 (2g 4 eg) + gt eye) eo (e) (11), 
Oy at {0g 02 24 Ploeg egg) cease: (e) (111), 


2a= qs (52_, + 152_4- 52444+24)} 


For four ordinates inserted in the centre panel, 1e. 2.,, 23, 2. and z_.,, we 
have: 


I 


2, ={—"0562_3+°4482_, + °6722,,— 0642, 3} ...... (e) (v), 
={- (cae 3 + 2162 _ 4 ae 864244 _ 0482 , 3} Mere ey Se (e ) (v v1), 
Z_4= ("0647 _4 4°6722_, + °4482,, — 0562, g}...... (e) (vii), 
Z—g= {— 048243 + B642_4 4+ 2162.4 — 03224} ...(e) (vill). 


For the insertion of four ordinates in the side panel we have to find 


Z5_ = 


Buz, Beg) 201) F130 


We obtain the values : 


= {-0822_4— 1762 _4 + 1:056z4 + 08825} 2... (e) (ix), 
= (0562_, — 2882 _4 + 10082, + 224e9} oo eeeeeeee. (e) (x), 
= {0642 _ va B122_4 + "8322, + 4162} oo... (e) (x1), 
= {[:0482_,—2242_, + ‘5042, + 6722,} ......... (€) (xu). 


The values for 2.7, 2-9-1 and z_,., can be written down by reversion of 
the multipliers. 


32 ON THE CONSTRUCTION OF TABLES 


It will be noticed that by the processes just given we have found: 
Za, 0, Spy ad again ‘2.5, 2.5, 2 ANA Zs, 244, Z- 


Such system of nine ordinates the extremes being at single intervals and the 
three mid-ordinates at double intervals we have found advantageous as a stage 
towards breaking up frame panels into a tenth of their intervals. The entry 
values on either side of z, and z, may have been found either by interpolation 
or direct calculation as above. For example if the original frame is found to 
be too large for safe interpolation at a certain area of the table, we naturally 
proceed by direct computation to half the interval. This gives us our 5 
entries. Now if this half frame interval again proves too large in a further 
part of the table, say, a proximo-finial region, how shall we proceed ? We 
know: 0, °5, 1, 1:5, 20, etc.; we cannot very probably again halve as it would 
introduce unsuitable values of the argument, for example ‘25, ‘75, 1°25, etc., 
and we may desire to proceed by intervals of ‘1. We can often halve the work 
of calculation by directly computing only the odd argument values, 1.e.—°1, 
+1, +°3, +°7, +°9, +1:1, etc. and then interpolating the even intervals. 
We have the following system : 


There result : 


Ga = peng (W0be-4 — 1682, + 23102, + 24752, 9242, 4 4052) 


‘ = 38025 + 102, — Sola eee ce se eee (w) (i), 
ue = qalyg {— 682_. + 3842, — 7702 + 247525 + 277225 — 89525 
+ 4622.9 — 25624) + 45c,a}...eeeceereeeee (w) (ii), 
2g = qolyg (452_.. — 2562, + 4622. — 8252.5 + 277225 + 247525, 
— 1102.5 + 3842.9 — 68214} ....5.-200-- (w) (111), 
2.3 = x55p [— 852_. + 1922, — 330z., + 4952.5 — 9242., + 2475z., 
+ 231024 = 1682,.9 + 105215} 026.0. (w) (iv). 


We recommend the computer after he has discovered that his frame in 
some special region of the table will not work to °5 intervals, and he is 
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perplexed by the difficulty of wasting finally a calculated value if he com- 
putes at *25, to compute the odd tenths and interpolate the even by the 
above formulae. We have found them work very satisfactorily in certain 
regions of the Incomplete I-function table, and for every four computed 
values: *1, 3, ‘7 and -9, four interpolated values were provided: ‘2, ‘4, ‘6 
and ‘8. The close sets of terminal values thus seem to have a very good 
effect in controlling the Lagrangian high order parabola. 


Discovery of Modes, Vertices and Maaima. 


We propose to illustrate the use of four-point Lagrangian interpolation 
on the sort of problems which occur both in astronomy and ballistics. From 
four values obtained at equal intervals in the neighbourhood of the modal 
value of z it is desired to find the magnitude of that mode and its position. 


Expanding (e) (1) we deduce: 


a 
+9 {4 (2g +2_3)—4(2,4+2_4)} 


— @ {dz (23 — 2-2) — $ (2 — 2 -3)} 
— {ay (2g + 29) — ge (2g +2 4)} nrreee rere ee renee (ar) (2). 
Differentiating we have to determine %, the argument of the maximum 
or modal z : 


ll 
he} 
“~ 
tole 
| 
& 
| 
| 
eu) 
gos 
& 
whe 
| 
&Q 
| 
bik 
os 
+- 
Sl 
a 
&X 
oo 
&Q 
| 
ah) 
| 
y 
| 
&® 


ete oi (24 = 2_4)} oe ees (vr) (21). 
Illustration A. To find position of vertex and time to vertex in a high- 
angled fire trajectory. 


To clear times ¢ we have the calculated positions : 
Horizonzal Distance 


i Height in feet z in yards w 62 54 

32 22917°408 Z-3 714°677 
25°300 

33 22938895 Z—4 739:977 “O10 

> 25°310 007 

34 22928'185 ah 765°287 ‘O17 O11 
25°327 018 © 

35 22885'322 23 790°614 ‘035 
25°36 

36 815:976 
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Let 7 = time required from 33°5 seconds. Then by (ii) 
7 044 — 7 64350 — 21°42367 = 0. 

The suitable root of this is tT = — 3328. 

Hence time to vertex = 33'1672 secs. 


: a: i 
From (W) (i) Z= - ‘O44 -- 7 64350 — 5 2142367 + 229375619 


whence we find Z = 22939°345. 
Lastly we can find u by the central difference formula 
Up = Ply + Ou, — ae {(h + 1) (S%uy) + (8 +1) Su}, 
the fourth difference term being negligible. We have 
6='5+7 = 1672 and ¢ = ‘8328. 
Whence we determine u = 744-207, 

Illustration B. It is required to find the speed in and slope of a trajectory 
from a knowledge of the position at four intervals of time preceding that 
at which speed is required. 

Let w be any position coordinate and let us measure time from u. Then 
a four-point Lagrange gives us: 

Up = buy (t+ 1) (t+ 2) (€4+ 3) — Su t(E+ 2)(¢4+3)4+ 4u_.,¢(¢+1)(¢4+3) 
—$u_,t(¢ +1) (t+ 2) 
=U (...+t+...)—uy(...+3t+...) tus(... + $t+...) 
—U_g(... bSt+...). 


Hence 
du; | Oo 
i. = 4 (lly — 18u, 4+ 9u_, — 2us)....... 200. (ar) (111). 
For example 
Height Horizontal Distance 
t in feet z in yards w 
By) 22917°408 565°323 
31 22863°695 550°865 
30 22777606 536°722 
29 22658:920 522°613 
Thus: 
du 88°255 
oe =+ 6 = + 14-7092 ft. per sec. 
dz 225°592 
(a) eT a + 87:5987 ft. per sec. 


Hence: speed = 40°3735 ft. per sec. 
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Slope of trafectory at 32 seconds = tan 6 = sa 
88°255 

= 2'556,1384 

or, -  @=68° 38029, 


Illustration C. To find the maximum horizontal range and time of it 
from calculated ranges at equal intervals of quadrant elevation. 


Quadrant Elevation Range in yards Time in seconds 

(Q.E.) ‘ (R) (t) 

30° 32934°704 Z_9 40:0645 ty 
35° 34226°410 Z_1 450172 ty 
40° 34842°717 Z 49°6887 ty 

> 

45° 34763°987 zy 54:0672 ty 
50° 33963°467 2y 581246 ts, 


Very often in high-angle fire anti-aircraft range tables the 50° trajectory 
will not be carried to the ground as it demands excessive labour. The 
maximum range must then be determined by the four trajectories 30°, 35°, 
40° and 45°. If the 50° be included, then we should obtain a cubic equation 
‘to solve in order to determine the Q£. for which dR/d(Q£.)=0. There is 
no difficulty in solving a cubic with numerical coefficients but by actual 
testing we have found the following method, only involving a quadratic, as 
effective for practical purposes. 


Let « be measured from z to right then the Lagrangian through z_,, z_,, 
Z and z, 18 


oe : aa 
2g = 3 {b (2, — 22) — $ (40 — Za)} + 9 (2, + 2-1 — 2%)} 


+2 5 Gi = +42,—- Za} oe Ween Aree are (yr) (iv), 
giving on differentiation the quadratic to find % of the modal z: 
(2, — 2-2-3 (4 — 24)} + 28 (4+ 21- 22) 
+ 4(2z,+ 24+ 32, — 624} = 0......... (yr) (v). 
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Now let us work from the other end and use %, 2, 4 and z,. It follows 
hat we must reverse the sign of # and exchange positive and negative 


subscripts. We find: 
a 


a=— 3 {t (2-1 — 2) — $(Z — &)} + 5 {21 + 24 — 22} 


Sip fe a a +44- ah Sm ionnaneead (ar) (v1). 


Taking the mean of (yr) (iv) and (yf) (vi) we obtain : 
“= 5 {2,—29—-2(4—24)} + > {2, + 24 — 22} 


i (am Pag Op a) eee (Wr) (vii). 


This leads to the quadratic for determining the modal value of #, 
0 =H {2.— 2-2 — 2 (4, — 24)} + 4@ [a + 2, — 2%} 
— 4 {z,—2..—8 (4 — 21) } os... (ar) (viii). 

A formula using sz instead of five points may be obtained in much 
the same manner. If the points be %, 2, 2, 2, 25, 2, we take the origin 
half way between z, and z, and write down by aid of (a) (vil) the value of z, 
for.2,, 22, 23, 24, %s- Then we do the same thing for 2, 2, 2, 2s, 2, and take 
the mean of the two results. 


The equation obtained is 


3 
Ln = 54 {— (41 — 26) + (2, — 25) + 2 (23 — 24)} 
2 
+ = {— (2, + 2) + 7 (2. + 25) — 6 (23 + 24)} 
+ 5 {(Z, — %) — (4. — 25) — 98 (23 — 24)} 
+ gk fart 26 — 7 (2a + 25) + 88 (25 + 24)} reece eves eee (yr) (ix). 
Differentiating we obtain the quadratic: 
XH? {— (% — 2) + (42 — 25) + 2 (23 — 2)} 
+ &{— (2, + %) +7 (2, + 25) — 6 (2; + 2,)} 
+ 4b {t: — 2 — (42 — 45) —98 (43— %)} =O ......... (Wr) (x). 
Or, more conveniently from the difference standpoint : 
BP {2y — 2, — 2 (2, — 2) + 2 — 2s} 
+2 {2-2-6 (23 — 22) 0 (2, — 25) — (4 — 25)} 
+ pe [— (22 — %1) + 98 (24 — 2) — (2 — 25)} =O ...(ar) (x) PS. 
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Writing this equation 
av + be+ce=0, 
2 may be computed from : 
Z=$ (2g4+ 24) — gpd + hot pdB ......cseee (ar) (x1). 
Inverse Interpolation. 

_A somewhat similar artifice enables us to surmount some of the difficulties 
of inverse interpolation, ie. finding # from a knowledge of z, when differences 
higher than the second are essential. This would involve at least the solution 
of a cubic for the required value of the argument. But for most purposes we 
can reach quite adequate quadratics by the process of taking means as above. 


For example, consider z_ 324,243,242. The parabola of the second order 


through 2_9,2_4, 244 with the mid-point between z_1 and 24 for origin is 


y= 4a" (Z_» +24 —22_3)+a(zy —2_4)+(—§2_g4+32_4 + 224)..-(h) (zi). 

Put —« for # and change the sign of the subscripts and we have the 
parabola through z_3, 2, and z;. Add this to (yy) (xii) and take the mean 
and we reach : : 


2g, = = (2g + 2_9)—(2, + 2_4); + @ (24 —2_3) 
tgs 1) (2p ee 4) — gt 2_8)} ons: (afr) (xii), 
or £0" i(2g + 2_3)—(2, + 2-4)} +a(4,—2_3) 
+ qe {9 (2g + 2-4) — (23 + 2_g)} — 22 = 0... (fh) (xiv) 


is a quadratic to find # when z, is given. It is, perhaps, in a more useful 
form when we put the origin at z_, and then by taking a new nomenclature 


pil 
2 


have the scheme: 


Thus: 
Py Cea aye Nae) let a) a) ee 0, 
or, $a2(e— 2) — #4+ %1) + 40 (Bt — Bey — 24 —%) +5 — Fe = Ooooh) (XY) 
where z is measured from 2,™. 


* Tf we put @ for x, U_1, Ug, %, Us, for 2, Zz, 23, 24 respectively this is the inverse inter- 
polation formula of the Tables for Statisticians, p. xiv, Equ. (vii). 
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If « be measured from z, the formula is 

da? (2, — 2. — 25 + 24) — Fu (5a — 8253 — 2 — 24) + 2, — Zz = 02... (yr) (xv)? 

We can now change the sign of # and deduce the formula corresponding 
£0. bHIS 1002, 2s, 4e,.2a5 Le: 

ha? (25— 24 — 23 + 2.) + 4H (52%, — 325 — 25 — &) +25 — 2, = 02..... (Wr) (xv)! 

Taking the mean of the last two formulae, we obtain a quadratic inter- 


polation formula for inverse work based on five entries, the origin of x being 
at the middle entry, namely : 


da? (2, + 25 — 223) — $a [25 — 2 — 6 (2, — 2)} + 2 — 22 =02...... (ar) (xvi). 
It is not contended that this result is as exact as running a parabola of 
the fourth order through the five points, but inverse interpolation by that 


process would involve either repeated approximations or the solution of a 
biquadratic equation. 
We may carry the process one stage further by writing « =#+ 4 so as to 
refer the origin to the midpoint of z, and z,. We have: 
dag? {a + 2, — 225} + da {2 — 2; — 3 (a — %)} 
+ a {[82, — 122, + 3802, + 122,— 2,} — z, = 0. 
Changing sign of « and writing down the expression for 2, 25, 24, 23, 2s 
and taking the mean we find: 
px? fz, =P Zo ae 2 (25 = £4) ap 25 ap Ze} + £4 {2 aoe 26 ae 3 (2, ean 25) = 4 (2; = 2,)} 
+ gy {8 (4 + 2) — 13 (2) + 25) + 42 (25 + 24)} — Ze = 0.2...) (xvii). 
This is the quadratic for a six-point inverse interpolation formula. The 


direct Lagrangian would need the solution of a quintic or repeated approxi- 
mations. 


We can now return to the problem of p. 35. Using four trajectories only 
we find from (wp) (v): 


19-6382? + 1390:074% — 544-123 = 0, 
of which the appropriate root is: 
& =°387,025 
= 1” 56-105, 


Thus the Q.E. of the maximum range is 41° 56"105. We will now deter- 
mine the quadrant elevation of the maximum range, if we include the 50° 
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trajectory which was carried to the ground in this case. We must use 
(vr) (viii). This gives: 
46°391@ + 2780:148% — 1090:°617,668 = 0, 
or, the appropriate root is 
= 389,103 = 1 065026, 
giving for Q.E. 41° 56-926. 
The quadrant elevation is thus lessened by 082 only, if we include the 
range of the 50° trajectory in determining it. 
Let us proceed to determine the maximum range on the two results from 
(vr) (iv) and (yp) (vil) respectively. 
(wr) (iv) yields: Rinax, = 34895768 yds. 
(ye) (vil) yields: Ry... = 384895°965 yds. 
Thus the difference of maximum range only amounts to 02 yds. 


It remains to find the time to the ground for the maximum range. 
Working with central differences up to the fourth, ie. (xi) of p. 14, with 
6 =°389,753 we find $ 

t= 51-4311. 
We might, however, have found ¢ from () (xvi) 
t=t, +10 (t, + t;—2t,) 42 {t, -4 -6 (44 -t)} 
and this gives ‘ : 
4= 514317. 

The difference is less than the thousandth of a second and has no 
importance in practical gunnery. 

Interpolation at Unequal Intervals. 

It will be noted that in this case we have found the time to the maximum 
range by way of the quadrant elevation, which proceeds by equal intervals. 
If we had simply been given the maximum range and the five other ranges 
with their times, we should have had the problem of interpolation at unequal 
intervals. The difficulties of the problem are surmounted in the present 
instance by the known fact that the ranges in this case correspond to equal 
intervals of quadrant elevation. Now we should have reached precisely the 
same results had we assumed, without knowing its nature at all, that there 
existed a third variable for which both our known variates would be values 
at equal intervals. This suggests a process of interpolation for values at 
unequal intervals: (i) use inverse interpolation into an assumed system at 
equal intervals, and (ii) then interpolate forwards into the second series. 
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We can illustrate this on a series where we are able to test at once the 
accuracy of our results. Find log 7:0631 from : 
log 7:0005 = °845,1291, 
log 7-0277 = -846,8132, 
log 7:0502 = °848,2014, 
log 7:0691 = °849,3641, 
log 7:0846 = °850,3153, 
log 7:0965 = °851,0442, 
Work first with (qv) (xvii) on the numbers of which we have given the 
log’s above and we find for our quadratic 
299 a? — 3006a + 491°75 = 0. 
This gives 
a = '166,2846,374 
as the fraction of the assumed variate at equal spacings, we now substitute 
this value of # in (w) (xvii) again, using the values of the logarithms for the 
z's, we then obtain 


001,8292 | -009,2420 543236004 
ain Magee te gee ae aaa 
= °848,9954. 


The true value to seven figures is °848,9954. This is not bad, if we are 
only thinking of seven-figure values. If, however, we work with ten-figure 
logarithms instead of seven we find : 

Zz, = °848,9952,2411, 
as against the true value ‘848,9953,551, or we see that the method will not 
give us a correct result in the seventh figure. We may need a more accurate 
process than this assumption of a pseudo-third variate at equal intervals*. 

* Suppose it required to find the value of X that corresponds to Y, from a system xj, 2», 73... 


corresponding to yj, Y2, y3.-- at unequal intervals. Let the quadratic to find the value of ¢ 
from mid-point of range of the hypothetical equal interval variate be 


Y=a'+0'p+c'¢? for y, and X=a+b¢+ec¢? for x. 
For example if we have four values only 


a=F5 (9 (2+ %3)—ay—-H4}, a’ = AG 19 (yo t+ y3) — y1 — Yat 
b=%2- x3, b'=Yy2-Y3, 
¢ =f {w+ 04-22-43}, ce’ =4 {yi t+ ys—Yo- ys} 


These will all be known ; now find: 


Np =O CNG =O] CaN rN 
and then determine a y / oe hie 
My=(Y-—a’)/de’. 
Solve the quadratic for u,, 
Bea? — (2py — Ny) Ma + My (My — Azq) =9, 
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Interpolation at wnequal argument intervals by differences. 

Let us consider a system of six entries at unequal argument intervals, 
Le. we can work with a central difference mid-point formula, which will be 
correct neglecting only six difference order terms. 

We take: 


0 
If we take the mid-panel interval as our unit we have 
29 = 2; + Oz,— 406 {(f + 1) &2,4+ (8 + 1) &2,} 
+ shn9(8+ L$ (h +1) Cp +2) 8%, + (0 +2) d4,) «..(P) (xviii. 
Let €;= 2s — $523 — 052,, then 
C.=— hOsb5 {(bs + 1) 8% + (8, + 1) 824} 
+ zhy 9s (Os +1) bs (bs + 1) (hs + 2) S425 + (Os + 2) S424} ...r) (x1x). 
Now 6,, &2,, 642, and oz, are unknown, but if we put s=1, 2,5 and 6 
1m succession we have four equations to determine these four central differ- 
ences. Their values can be found by determinants which reduce after some 
labour and provide the fairly simple system of results (yy) (xx)—(q) (xxii) 
on p. 42, which can then in any individual case be substituted in (x1). 


choosing the appropriate root, and then 
X=A+CAMy 


gives the required value of X corresponding to Y. For example, taking the four mid-values of the 
system of logarithms on p. 42, we find: 


a=  7:0600,8750, a=  °8488,1006,25, 
b’/=—  -0189,0000, b =— 0016270, 
c’=— -0017,5000, ¢ =— -0001,0928, 
Ay=  10-8000,0000, A, =  10°6425,6293, 


A= —*1574,3707. 
The quadratic for u, is 
by2 — 11:0681,4794 pz, + 3°1874,0339 = 0, 

giving: My = °2958,9002 or 10°7722,5792, 
of which the latter is the appropriate root. We have 

Ae“, = °0001,8528, 28, 
giving X=A+CAfy 

= 848, 9953,453, 

which differs from the true log 70631 a unit in the eighth figure. The result is as good as that 
obtained by the six-entry quadratic. 
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It may be asked: why not take a Lagrangian through the six-points and 
so interpolate ?—The answer is two-fold. It would certainly be as easy to 
do so, if we had to interpolate one value only, but not if we had several to 
interpolate, and the central difference coefficients to table. Secondly by using 
the central difference formula we are able to judge whether our approxima- 
tion has the requisite degree of accuracy; this cannot be determined when 
we use the Lagrangian method. 

We have: 

Se, 26, (1+ 64) + 9;) (1+ 4) 26, (1+4)(14+4;)(1 + 4) 
~ Od (8, — 62) (0; ~ Os) (6; ~ 9.) Oc. (8; — 0;) (82 — 4s) (Oz — Be) 
4 2h D4A)A+IA+A) 26 C+ACFAIEA oc 
A; (85 — 91) (85 — 2) (As — 5) * Oaehs (8s — 1) (85 — A) (05 — Os) ‘ 
26 (1+ $2) (1 + $5) (1 + $6) 4 2 (1+) + $5) (1 + $6) 
Orb: (bi — b2) ($i — 5) ($i — 5) | Oaqho (fo — br) (ha — bs) (fo — Hs) 
4 2s (1 + ¢,) (1 + $2) (1 + 5) f 2g, (1+¢) (0 Tea EN Ge 


&2,= 


* 8, ps ($s — hi) (Ps — 2) (bs — i) 0 6s (5— fi) (de fo) (Ps 


cea 246, (0.+ 6,+0;+1) ip 246, (0,402+6,4 1) 
* 0,1 (8; = 82) (8; — 45) (8: = 85) Oah2 (82— 0) (82 — 85) (8, — Or) 
4 24S. (@,+ 6,+ 6+ 1) fs 246, (0,+ 6,+0;+1) 
ye ps (8; — 9:) (A; — 92) (O;— 96) Obs (As — 91) (A5 — Ox) (A5 — 5) 
eats (yr) (xxi), 
ne 240, (do + $5 + $6 + 1) qanats (fit s+ 64+ 1) 


O,, (fi — f2) (fi — ps) ($i — ds) ie ho (bo — br) (be — $5) (he — $s) 
me (htbt deel ME (Git dethtD 
Osh; (bs — $i) (hs — ba) (hs — de) * 6, ps (hs — fr) (fo — 2) (He — $s) 
Pip ks (ap) (xxl). 
It will thus be seen that.with a certain amount of computing labour we 
can determine the true central differences from unequally spaced ordinates. 


Illustration. Provide an interpolation formula for logarithms between 
70502 and 7:0691 from the data : 


Number Logarithm 
ay 70005 *845,1290,599 zy 
My 7:0277 *846,8132,140 29 
2 70502 848,2014,372 2 
Wy 70691 849, 3641,253 24 
Ws 70846 '850,3153,348 5 
x 70965 851,0442,071 % 


and in particular find the logarithm of 7:0631. 


We have: 
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or, reduced to unit central panel, 


Le — #, = 272, 1:439,1534,392, 
Ce = Kya), 1°190,4761,905, 
t, — fy = 189, 1:000,0000,000, 
Hs — %,= 155, ‘*820,1058,201, 
en, ed, -629,6296,296. 
Thus we have: 
0, = — 2'629,6296,296, g,= 3'629,6296,296, 
8, = — 1:190,4761,905, g,= 2°190,4761,905, 
@-= 1:820,1058,201, gd; =— °820,1058,201, 
O@;= 2°449,7354,497, bs = — 1449,7354,497, 


and: 
¢,= — 000,0149,381, 


£ = — °000,0040,707, 
€= — 000,0023,178, 
€; = — 000,0055,084. 
Substituting in equations (a) (xx)—(xxiil), we find: 
0°z, = — 000,0031,210, 
8z, = — -000,0031,046, 
64z, = — ‘000,0000,008, 
64z, = + ‘000,0000,005. 
Fourth central differences are only sensible in the tenth figure, and there- 
fore cannot be accurately determined from ten-figure logarithms. 


To test these values let us take logarithms at 189 intervals; we find: 


Number Logarithm re 64 
6°9935 

70124 °845,8666,811 

70313 847 ,0356,281 — 31579 

7:0512 *848,2014,372 — 31210 —4 
70691 849,3641,253 — 31045 = 
7:0880 *850,5237,089 — 30879 +2 
71069 °851,6802,046 — 30715 

71258 *852,8336,288 


Clearly our equations give excellent 6s and are not more irregular for 


§’s than might be expected from ten-figure logarithm tables. 


44 ON THE CONSTRUCTION OF TABLES 


difference under 15 to 20 is significant to our ten figures we may omit them 
and the required formula runs: 
2g = x °848,2014,372 + 0 x 8493641253 


+429 ((p-+ 1) B1210 + (6 +1) 31046}, 


For the special case of log 70631, we have 
6 = 129 = -682,5396,825, 
p= °317,4603,175. 
Hence: 
log 7:0631 = °682,5396,825 x *849,3641,253 
+ °317,4603,175 x °848,2014,372 
+ 4°682,5396,825 x °317,4603,175 ae 
x {1317,4603,175 x 31210 + 1°682,5396,825 « 31046} 
= '848,9953,551, 
which is correct to the whole ten decimal places. 


It will be seen that provided sixth differences are negligible, the method 
will give good results. The calculation of the pairs‘of second and fourth 
differences is, however, laborious, although it is clear that it is possible to 
arrange the computing so that a good deal of the work is the same for each*. 


We now return to our even-entry Lagrangian interpolation formulae. 


(£) Siw-Ordinate Mid-panel Lagrangian. 


The general formula is: 


_@ is Dies ap) Pegs zg os 
i er | 
s #3 “ oe 
Oe ee ty} -0©. 


For the mid-panel ordinates we have 
* Note also that ¢2+ $5+ $6 +1=5 — (62+ 05+ 65+1) with similar results. 
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4— 10244 + 21243 — 325} ...(€) (iil), 
3 44210244 + 10524 3—7zs} ...(€) (iv), 

1 {632 _s +3152_ 3 —2102_4+ 12624 1—4524 +72, s}...(8) (v), 
Pete (ie eg— Abs G+ 1262.4 — 2102, 448152494082 le) 


We give on accompanying sheet, Table A, formulae for the insertion of four 
entries between each of the six entries. It has been found more convenient 
in practice, however, to drop the fractional halves and use 2,, 2, 23, 21, 25, 25 for 
the six entries, and present the coefficients in tabular form. If it be desirable 
to insert ten entries between each frame interval, then the equations (£) (1i)— 
(€) (v1) should first be used and afterwards the present system*. Of course if we 
are not working in a preximo-finial area of the frame only the mid-panel results 
(£) (i) and (£) (xv)—(&) (xvi) should be applied. These formulae involving 
only six decimal places have been found very rapid and convenient in practice, 
as they can be applied in single operations with small machines and were found 
especially serviceable in both ballistic and bombing problems. They corre- 
spond to fifth difference accuracy, and therefore to central difference formulae 
in which second and fourth differences are used and six differences neglected. 


(n) Hight-Ordinate Mid-panel Lagrangian. 
The general formula is: 


Ses) (x? — 2) (a? — 28) (a= ap) By 25 Dil 2; 
f= 71 ee a “gt : : 
: { a+r s u+ 3 a+3 

24 2s Ze By 2s 

ae 21 it ea 

+95 24 35 on et.) 


We consider first the insertion of mid-ordinates, i.e. we need 2.5, 25, 25; 
25, the others follow by inversion of order of coefficients. These correspond 
to a= —3,x2=-2,%=—-1 and z=0. 


* An alternative method after the use of (¢) (ii) and (¢) (xv)—(¢) (xviii) is to use the method of 
p- 32, i.e. (w) (i)—(w) (iv). 
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a5 = gre {1225 (24 + 25) — 245 (25 + 2) +49 (Zo + 2) — 5 (2, + 2s)} rec eee ees (m) (ii), 
fra als (92, — 1052, + 9452, + 15752, — 5252, + 1892, — 452, +525} ...(2) (iii), 
Zn5 = gogg (— 388% + 6932, + 20792,—11552,4+ 6932, —297 26+ 772, —I25}...(9) (iv); 
de = golrg (4292 + 30032, — 30032, + 30032, — 21452, + 10012, — 2732, + 33z5} 


oe (7) (v). 
Equations (7) (vi) to (7) (xx) for inserting four equally spaced ordinates 
are given Table B of folding sheet. 
(0) Ten-Ordinate Mid-panel Lagrangian. 
The general formula is: 
(=D) @- P@- 3) (@- = 4 ie sche ean ae 


=e D>) 
s) ee ae “+3 


Zy = 


a 


i gee meer A Cec = at 36 
=F =o 


Below are the formulae for inserting mid-ordinates in each panel : 
o5 = upbae (85 (21 + 20) — 405 (2. + 2) + 2268 (2; + 23) — 8820 (2, + 2) 


+ BO 690 (ae 2a) readies sah asp Oaamy ee tore as seinem area tote (A) (11), 
2u5 = gabag [— 552, + 6932, — 46202, + 323402, + 485102, + 161702, 
+ 64682, — 19802, + 3852, — B5z9} esses (8) (iii), 
ys = gebaeg (1432, — 21452, + 257402, + 600602, — 300302, 
+ 180182, — 8580z, + 28602, — 5852, + 55zZ,9}........000 (8) (ay), 
os = getgg (— 115%, + 193052, + 772202; — 600602, + 54054<, 
— 386102, + 200202, — 7020254 14852, — 1432,)}......... (8) (v), 


Z5= gtzg (121552, + 1093952, — 1458602, + 204204, — 2187902, 
+ 17017024, — 928202, + 336602, — 72932,+7152,)} ...(0) (vi). 

The general system of factors for serting four equally spaced ordinates 
in each panel is given in the accompanying tabular sheet, Table C. 

Of the formulae for 8- and 10-point Lagrangians it is not necessary, nor 
would it be profitable to give illustrations. They have been largely used in 
filling in the frame of our Incomplete V-Function Tables. The 8-point 
Lagrangian was used for the bulk, but as we approached low values of the 
argument (w) the 10-point had to be adopted or it would have been needful 
to reduce the frame-interval. As the whole operation is a continuous one 
on the machine, there is practically nothing to give by way of illustration 
except the answer, and the only question about the answer is: Is it correct 
to the required number of decimal places? This can only be tested by the 
criterion of direct computation, and it is this occasional test which tells us 


AND ON INTERPOLATION 47 


whether our Lagrangian is or is not of a high enough order. As we have 
already stated we consider a 10- or 11-point Lagrangian the limit to profitable 
continuous machine work. An experienced computer, we find, can use them 
effectively; but if nine or ten differences are inadequate, then it is better 
to reduce the frame-intervals, and use lower order Lagrangians. 


On “ Bridging” Formulae. 


We define a “bridging” formula to be one which enables us to inter- 
polate in the neighbourhood of an entry, where it has been thought advisable 
either on account of the economy of space or of labour to change the unit of 
the argument either in the case of a completed table or of a frame. In an 
extensive table, especially in a multi-variate table, economy of space demands 
that we should increase the argument of the entries if we reach an area of the 
table where an enlarged argument gives an adequately accurate interpolate 
with a fairly simple interpolation formula. In the case of the “ frame ” the com- 
puter of a table will naturally increase his argument to save labour, even if 
he proposes to complete his table throughout to the same argument interval, 
provided his larger interval gives the adequate accuracy of the interpolate. 


It is at the boundary of an area, where this change of argument has 
been made, that certain difficulties of interpolation will result. We propose 
to illustrate methods of overcoming these difficulties in the present section. 


If we suppose the larger argument interval to be a multiple of the 
smaller, there is no difficulty except that of excessive labour in taking the 
small interval to overlap the larger to such an extent that either large or 
small interval interpolation formula is safe for using in the overlapping zone. 
In a completed or published table this reduces to the provision in the 
neighbourhood of the boundary of two sets of, say, second and fourth central 
differences, for each entry in the immediate vicinity of the boundary. Such 
a duplication of differences enables the large interval formula to be used on 
one side and the small interval interpolation formula on the other side of the 
boundary, and hardly increases the labour of entering the table. 
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For example let z, denote a bounding ordinate, z,, 22, 25, 24, 25, 2; being 
entries at the smaller 2, 2, 2, 2 at the larger, say, double interval. Then 
if we are interpolating between z, and z we need the second and fourth 
central differences of z; and z. But to ascertain these we must calculate 
Z,5 and use z, to find the second and fourth differences of z, and z, on the 
smaller interval*, 2,.; need not, however, be entered on the final completed 
table. To interpolate between z, and z, on the larger interval, we shall 
require the second and fourth differences of z, and z,. These will require 
z, and z, to be used to ascertain these differences on the larger interval. 
Thus we shall be able to work either interpolation formula by providing 
double differences for z,, these being calculated respectively from 2,4, 25, 25, 26-5, 27 
ANG Za 2a Ses eee 

The matter is more complicated when we come to interpolate into a 
frame with changing interval, partly because it is not desirable to work by 
differences, and partly because we are using as a rule a higher difference 
formula. We will illustrate the procedure which we have adopted in the 
case of transition to a double argument interval in frame interpolation. We 
shall confine our attention to the use of an eight-entry Lagrangian, which we 
suppose to be an adequate formula on both sides of the boundary. 


Suppose our arguments to be m plus the following system 
0:0, 0°5, 1:0; 1°5, 2:0, 2°5, 3:0, 3°5, 4-0, 4°5, 5:0, 6:0, 7-0, 8:0, 9°0, 10:0, 11:0, 12°0 
and let the corresponding values be given by z with the above subscripts 
omitting the part m of the argument. Then graphically we have: 


We will suppose it needful to interpolate the values from 2 tO Zo at 
0'1 intervals and from 25.5 to 2.9 at 0°2 intervals. 

Up to panel g from the left, unless we are in a proximo-finial region, we 
can work with the mid-panel eight-entry Lagrangian, namely (7) (xvill)—(xx1). 
Up to panel n from the right, we can work with the same mid-panel 
Lagrangian. It is the panels h, 7, 7, &, 1, m which require special treatment. 


* Or use the formulae given later for central differences to reduced intervals. 
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It would be bad policy to interpolate with side-panel 8-entry Lagrangians, 
because side-panel work is to be discarded unless we are driven to it by 
reaching a proximo-finial region. Accordingly we start with the axiom that 
we are to use mid-panel processes. Now the cautious computer is certain to 
have carried his smaller interval somewhat on the safe side and a mid-panel 
larger interval formula may be carried beyond n» to the left. Thus we 


use, for 
Panel m, 2,9, 2505 26-0) 27-01 2a0, 209 Zi00, Zrr-0- 


Panelels (anes caus Sens coun tron Soar 00 Sie: 
PAUDCL Merce Fa ag epee ean erie Seas 2ees 
Should there be any doubt about this we may test z,; as the central 
ordinate of a next to mid-panel by (») (11) of p. 46, or by that equation 
reduced to present terminology, namely 
Zu = a0rg (922 — 1052, + 9452, + 15752, — 5252, 
+1892, — 40254529} ..602..vaseescenes (m) (411). 
If this agrees with the directly calculated value, we may conclude that all 
is well. 

_An alternative to this process and also a good check on the process is to 
use the mid-panel formulae of an 8-entry Lagrangian using 23.5, 240, 245) 2505 
Ze0) 27-0) 29-0, ANG Zo. These formulae are: : 

Zn = — 01584,77964*z;.; + °12155,136002,.. — 42336,25600z,., 
+ 1:21551,360002,.) + °12155,13600 z,.. — 02315,264002,., 
+ '00413,44000 Ze — 00038,77 2362.0, 

2-4 = — 02788,25891 25.5 + °20487,16800 24.) — 64749,56800 2,.5 
+ 1:19508,48000z,.. + '31868,92800 2... — 05121,79200 2. 
+ :00875,52000 zs.) — 00080,4'7709 Zo. 

256 = — (02970,96533 25.5 + °21111,55200 24.) — 62390,27 200 2,5 
+ °93829,12000 25.9 + °56297,47200 z,.. — °06893,56800z,., 
+ °01117,01333 25 — 00100,35200 25.0, 

Zy-g = — 01947355434 23.5 + °138471,74400 z,.. — °37898,53257 24.5 
+ 50519,04000 25.9 + °80830,464.00 2.9 — ‘05773,60457 2;.9 
+ °00874,78857 23.9 — 00076 ,544.00 25.0, 


* All figures are exact except this last 4 which is really 36. 
+ Coefficients ending in zero are exact; coefficients not ending in zero have long recurring 
decimals. 


P. 4 


50 ON THE CONSTRUCTION OF TABLES 


The formulae for the mid-panel 8-point Lagrangian using the larger unit 
throughout are for m: 

259 = — 0016,0512 z., + '0163,4304 25.) — 0898,8672 249 + 8988,6720 25.0 

+ °224'7,1680 25.) — 0599,2448 z,.) + '0128,4096 2.) — ‘0013,5168 Zo, 
254 = —'0028,9616 2. + ‘0237,6192 2;., —°1222,0416 2, + °7128,5760 25. 

+ 4752,3840 25.) — "1069,2864:2;.9 + 02193408 2.9 — ‘0022,6304 25.9, 
256 = — (0022,6304:2..9 + 0219,3408 25.) — *1069,2864: 24.9 + °4752,3840 25.9 

+ °7128,5769 269 —°1222,0416 2,.. + 0237,6192 z,.. — 0023,9616 25.0, 
Zerg = — 0013,5168 Zyry + ‘0128,4096 24-9 — 0599,2448 24.5 + °2247,1680 Zp 

+ 8988,6720 Zo — °0898,867 2 2,.) + '0163,4304 2.) — 0016,0512 25.9, 


If it be desired to continue the 0°1 intervals beyond z,.. we must use the 
additional formulae : 


251 = 4 {—0070,9137 29 + °0732,7749 25.9 — °4196,8017 24.) + 769413645 z,. 
+ 8549,0405 26.9 — °2429,7273 27.9 + 0530,6301 2.9 — 00563673 25.9}, 
253 = 4 {— '0169,2639 22.9 + °1699,9983 25.5 — 9023,0679 25.) + 6°5166,6015 z,., 
+ 2°7928,5435 69 — °6899,9931 2,9 + 1448 ,1467 2... — -0150,9651 2.9}, 
255 = 4 {—-0195,3125 29+ °1914,0625 25. — 9570,3125 Ze + 4°7851,5625 2,., 
+ 4°7851,5625 259-95 70,3125 27.) + °1914,0625 Zs.) — 0195,38125 zy}, 
Zoey = 4 {—°0150,9651 22.9 + °1448,1467 25.9 — 6899,9931 24) + 2°7928,5435 25,9 
+ 6:5166,6015 2. — °9023,0679 z,.. + °1699,9983 25.) —"0169,2639 Zo}, 
259 = 4 {—0056,3673 2.) + 0530,6301 25.) — °2429,7273 24. + °8549,0405 25.0 
+ 76941 3645 25.) — 4196,8017 2. + °0732,7749 25.) — °0070,91372,4., 
edge gita ah Can case. Cader sia eee (v) (aii). 
With the proper changes of the z’s, all these formulae can of course be 
used in panels / and m. 
We now turn to panel h, 7 and Jj, where true bridging formulae are 
requisite. 
Panel h. Formulae for Mid-panel Bridging 8-point Lagrangian*. 
23.6 = — '0002,2528 z,., + ‘0116,1216 z,.; — 0827,9040 25.) + 89413632 2.5 
+ °2235,3408 z,.. — 0551,9360z,.; + 0091,23842,.. — 0001,9712 2,., 
27 = — '00034,01955z,.; + 01683,96800 2.5 — °11226,45333 25.5 
+ °70726,65600 25.5 + °47151,10400 24 — 09823,14666 z,.5 
+ 01554,43200 2;.) — 00082,54044 26.0, 


* All exact if account be taken of recurring decimals. 
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23 = —'000032,540442,.; + 01554,43200z,., — 09823,14666 z;., 
+ °47151,10400 z,.; + °70726,65600 2,.. —°11226,45333 z,., 
+ '01683,96800 25.) — 00034,01955 Z¢.9, 

29 =— 0001,9712z,.; + 0091,2384z,.; — 0551,9360 25.) + °2235,3408 z;., 
+ 89413632 2.) — 0827,9040 2.5 + 0116,1216 25.9 — 0002,2528 Zp, 


Panel 7. Formulae for Mid-panel Bridging 8-point Lagrangian*. 

Zy1 = — 00014,65517 2.5 + (00261,96114:2., — 06287,06743 24.5 
+ °88018,94400 2,5 + ‘22004,73600 2; — 04191,37828 2.0 
+ °00220,59886 2... — °00013,139 12 z,.5, 

Zyo = — 00022,155642,.5 + 00387,07200 2.5 — 08460,28800 zy. 
+ 69092,35200 25.) + °46061,56800 z,.; — °07402,75200 z,., 
+ :00365,56800 2.9 — 00021,36436 2.0, 

243 = — (0002136436 z,., + 00365,56800 z..; — 07402,75200 z;.; 
+. :46061,56800 24) + °69092,35200 zy. — 08460,28800 25. 
+ (00387 ,07200 29 — 00022,155642,.9, 

Zu, = —00013,13912.2,.5 + (00220,59886 2, — 04191,37828 2,., 
+ ‘22004,73600 z,. + °88018,94400 z,.; — 06287,06743 z;.o 
+ °00261,961142,.) — 00014,65517 2,0, 


Panel 7. Formulae for Mid-panel Bridging 8-point Lagrangian t. 
246 = —'00031,24513 2;.5 + 00359,76333 2,5 — 0251835733 z,., 
+ 83105,79200 z,., + °20776,44800 2.) — 01978,70933 Zp. 
+ 00314,79466 2,.) — 00028,48821 2.0, 
Zur = — '00046,26286 2,., + 00524,873142,., — 03528,31390 z;., 
+ °63509,65029 2,5 + °42339,766852 5 — 03256,90514 25. 
* 4. -00502,05257 z,.. — 00044,860952.5.0, 
Zug = —'00044,86095 2,5 + 00502,05257 z.; — 03256,90514z,,5 
+ ‘42339,76685 245 + °63509,65029 z,.3 — 03528,31390 2. 
+ 00524,87314: 27.9 — 00046,26286 zs, 
Zu = — 00028,48821 2.5 + °00314,79466 z.; — (01978,70933z,., 
+ -20776,44800 2,5 + ‘83105,79200 25.) — 02518,35733 Ze 
+ (00359,76333 Z.) — 00081,24513 Z.., 
Beer ani taissishe we agli a aes () (vi). 


* Only exact when last two figures are two zeros, otherwise to ten figures. 
+ These formulae, except when the last two digits are zero or the last digit recurs, are only 
exact to ten figures. 
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It remains to be seen how these formulae are obtained. In every case we 
use a symmetrical system of intervals. Thus for Panel h we use intervals 
Ad+e,f, J, 59, h OV 215, 25, 20, 25, 2405 Ze, 20, Seo: For Panel 4 we use 
d+e, f+, hy 9, bb or 215, 25, 28, 20) 25s 250» 2 20. ~ For Panel 9 we use 
d+e,f+g, h+4, k, 1, m, or 215, 225, 255, 25, 250» 260, 270» 2x0. We do this 
because we believe better results are obtained from symmetry of intervals, 
than from crowded intervals on one side and large intervals on the other 
side of the panel under consideration. It is for this reason that we prefer 
our first method of treating Panel k to our second method. 


The Calculation of Reduced Differences. 


We have already indicated our preference for working with a high order 
Lagrangian in filling in a frame to working with a difference formula. It 
means that only one set of differences has to be computed, that of the final 
table for publication. This last set of differences also serves as a check 
on the computing. It is possible, however, to compute directly the differ- 
ences on the reduced intervals from those on the larger intervals, and even if 
this method be not generally adopted (and we do not advise that it should 
be) it is useful for determining the value independently of a required— 
possibly suspected difference,—and thus serves for an occasional check. 


As we have done throughout this tract, we lay most stress on central 
difference formulae, and shall here confine our attention to the calculation of 
reduced central differences. 

The fundamental central difference formula for a single variate is (x1) or 
as we may write it: 


29 = p24, + 02, — ae {(@ + 1) &z, + (6 + 1) 825} 


+ CFD OO*D 106 4 9) 515, 4042) da 


_O+1)Ot+ ue (p+ 1) (¢ + 2) {(b + 8) 852, + (0 + 8) 82} + ...(x) (i), 


where of course ¢=1—8@. Now write the coefficient of 6%z, as @,,(@) and 
that of 6*z, as ®,,(); both of these will be of the order 2s+1 in @ or ¢. 
Accordingly they may be expanded by Taylor’s series with a finite number of 


terms. Thus if we wish to reduce to * th interval 


1 geen hae - 
8,, (0 +~)= 4 (0) += @, (0) +5, Ox" (0) +... (4) ii) 
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and 


1 1 pee. 
On, (0-4 7) + Ox (@— =) — 26,,(6) = 57, x” (0) + 4, Ox"(0) 


a aa 200). enc oeite (x) (111), 


U ” 2 iv 
@u(— 5) + Ou ($ +2) — 204 (6) = 57 Da" ($) + 7, al” ($) 
2 ‘ 
+ tas Dig t(D) eon Crna (x) (iv). 
Thus; 072 = 2,,1+ 2, 1 — 229, where @ signifies the central difference of 
2 on : the old interval, will be given by 


©,” (A) dz, + B,” (fp) 8°2,} 


Ct,= ran ae 
+m rap 0." (0) + gr Oe" (0) Be 
+ (gia 8" 8) + pa PO) Da} 


-{(5) O10) te SU Pee 


+ (gpg P + pie OF) + gra OH? ($)) ab ton 6) 


This is correct up to but not including eighth differences. It remains to 
find the differentials of @,, and &,;. These are straightforward algebra, and 


we have: 


®,” (¢)=—¢, | db,” (p) = — 8, 

a Gyan GEE $. fy ee 

@," (0) = ¢, ®," (p) = 9, 

6/0) =a AAC ei is, 
a oe tae 

@," (0) = Op ee lee eh ®" () = Ee 1 


6." (9) =— $, D." (6) = — 4. 
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Substituting we obtain: 


ey = oe 05225 _ a ican es e(1 . i) ne 
~ On v3 {6(@+1)+5 (1 Ee ~ 53) Bat § (PCr Dernier?) 


+2420 2)ag55(t-2) (4-2) 


g {eee NCEE (+1) (1 es =| 
ra 120 (> n 


+als(t-})(¢-2)}e 


+ eighth order central difference terms ... ........:eeeeeseee (x) (v1). 
Clearly this may be expressed as: 


Lela Deed 1 1 
Ca 335i (IH hed yar Caer) Chee bic 


a formula of the type given by Sheppard* but which involves a knowledge 
of the 6%, 84, 6 ete. at the given point before we can find the 0”, 
We can now proceed to the higher differences on the reduced interval. 
We have: 
0425 = O2442 + O54 — 26426, 
0°29 = 652,14 6%, _1— 26%, etc. 


All linear terms in @ or ¢ will disappear and as our coefficients are again 
©,,(@) and ®,,(¢) we can readily write down the results. Thus: 


542, + 0642, 
Otay = POE oe acre 2 | 
) eee 
eae =e (O6+1)+ (1 — =| Oe Fe ec (x) (vill), 
6 6 
SEE ge, os eee ee («) (ix). 


The most useful cases are the subdivision of the frame interval into 
5 and 10 intervals. In the first case all we need are Z,. and 2, and their 
differences on the smaller interval. We have: 
2y.g = 82, + 22, — 048 82z, — 032 62z, + '008,06464z, 


+ 006,336 842, —-0016,05128%, —-0013,51688%% +... we. («) (x), 
Z.4 > 62 at ‘42. — 064 OZ, — ‘056 82, +01 1,648 O12, 
+ -010,7525z, —-0023,9616 8%, — 0022,63048%2y-+ 2. wees. («) (xi). 


2.6 and 2, will come by interchanging z, and Z in 4.4 and 2. respectively. 
* Proc. London Mathematical Society, Vol. xxxt. p. 469, London, 1900. 
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The reader will see how doubtful is the gain of using differences over the 
8-point Lagrangian. He has, it is true, less significant figures in both 
factors of his products, but he has to go through the laborious process of 
finding 6th (and possibly 8th or 10th) differences before be can get one 
factor of his products, and long before he has obtained these he will have 
turned the handle of his machine the requisite number of additional times in 
the continuous process. 


We now write down the reduced differences: 
0721.9 = ‘03202, + 008 822, — 00448 d4z, — 00192 d4z, 


+ °0008,1408 8%, + :0004,4032 8%, —...  ...... (x) (xii), 
0421-2 = ‘00128 d4z, + 00032 d4z, — -000,2816 8%, — -000,1024 8%, +... ... (x) (x1), 
O00 051 28's 4 QUO EIS Ors a, — awh bale wera das cw eu eee (x) (xiv), 
and again 
072.4 = 024 8%z, + 016 &z, — 00448 dz, — 00352 d4z, 

4+0009,2416 8%, + 0007,78248%% — ee cesses (x) (xv), 
042.4 = 00096 64z, + 00064642, — 000,2560 582, — 000,1920 8% +... ...(«) (xvi), 
Fey = 000, 0884 8%: 0000256 D4 = ck a cesapyavsecs Rates teed. (ic) (xvii). 


We will write down the formulae for a second case, namely that in which we 
subdivide the interval by 10,1e.n=10. We require to find 2.1, 22, 213, 21-4 
and 2,;. The remainder, ie. 2.6, 2-7, 21-8, 2-9, Will be obtained by inter- 
changing 2, and 2, 1N 21.4, 2.5, %-. and %., respectively. 

Again 2,., and z,., will have the same values as those given in («) (x)—(xi). 
Accordingly we need only 4.1, 2.3; and %., together with the central differ- 
ences of all the five, 2.1, 2.2, 21-3, 21-4 and 2, on the reduced intervals. 

2 = 9% +12, — 0285 822, — (0165 82, + (0045,4575 542, 

+ -0082,9175 54z, — -00088,642,125 5%, — -00070,459,125 8% + ... («) (xviii), 
Zyg = 1%, + 32, — 0595 82, — 0455 2, + °0104,4225 d4z, 

+ '0088,9525 84z, — -00211,579,875 8%, — (00188,706,375 62, +... («) (xix), 
Zs = 52, + 5%, — 0625 82, — 0625 82, +:0117,1875 dz, 

+ ‘0117,1875 S4z, — 00244,14.0,625 6%, — -00244,140,625 6°, +... ... () (xx). 

The following results give the central differences : 

Oz. = 009 8%, + ‘001 82, — -001,0275 42, — -000,2475 42, 

+ -00016,77225 6%z, + -00005,75025 6%, —... («) (xxi), 
04z,., = 00009 64z, + 00001 S4z, — -000,0177 6%, — -000,0033 8%, +... («) (xxii), 
C= 000 0009 0°75 O00 OOOU On ast ncsevsreraputeans ans ssacen («) (xxiii). 
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It will be observed that if our frame has been so chosen that sixth order 
central differences are adequate to interpolate to the ; intervals, then 0%. 
will hardly be significant. 


Proceeding we have: | 
072.2 = 008 62z, + °002 82z, — °001,14.00 d4z, — -000,4850 d4z, 
+ 00020,80200 8¢z, + 00011,17050 8%, —... («) (xxiv), 
0421.9 = 00008 542, + *00002 84z, — °000,0180 d%z, — 000,0065 682, +... («) (xxv), 
Oe, 9== °000,0008 68, + °000,0002 6925 — «cc ecuata ee teneee Seno sanendae erent («) (xxv). 
07z,.3 = ‘007 dz, + °003 822, — :001,1725 d4z, — :000,7025 d4z, 
+ °00023,03175 6%, + -00015,94075 6%, — ... («) (xxvii), 
042.3 = ‘00007 84z, + °00003 d4z, — -000°0175 dz, — -000,0095 882, + ... (x) (xxvill), 
Ositg = 0000007 682; 000: 0003 682) hn cates fetads sede dncaeteeeee oes («) (xxix). 
0?2,.4 = 006 &z, + 004.622, — 001,1350 84z, — :000,8900 dz, 
+ :00023,51150 8%, + °00019,76100 8%, —... («) (xxx), 
042.4 = ‘00006 64z, + *00004 542, — :000,0163 8°, — :000,0122 6% +... («) (xxx1), 
Per. = "0000006 O82, 42000 QOOMOSS, mee Sip seers eae thease seme (x) (xxxll). 
0721.5 = (005 8&2, + (005 &z, — :001,0375 642, — :001,0375 d4z, 
+ °00022,36125 8z, + :00022,36125 8%z, — ...(«) (xxx1ii), 
042.5 = 00005 d4z, + 00005 dz, — -000,0145 dz, — 000,0145 dz, + ... («) (xxxiv), 
Ore 000 0005682) 4 0000005 087, — a sane ccna seer neces (x) (XXxXv). 
We provide these formulae as they may occasionally be useful, but we 


warn the reader that working by change of differences is more troublesome 
than using a high order Lagrangian. 
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APPEN DEX. 


Illustration of the Efficacy of Central Difference Formulae by a 
Compressed Canon of Logarithms and Antilogarithms. 


The table on p. 60 gives the logarithms of numbers from 10 to 100 and 
of antilogarithms from 0 to 100 proceeding by the unit, both to seven figures. 
The logarithms and antilogarithms are each followed by their first central 
differences. It is not generally recognised that complete tables of logarithms 
and antilogarithms could be readily reconstructed from these data by aid of 
the fundamental central difference formula : 

Zo= fir + Oz, — 4 Oh (+1) Fa + (8 + 1) Ha}. 

Let us deal first with the antilogarithmic canon. Now no fourth differ- 
ence (d*) exceeds 3 in the whole of the canon. Hence the above formula 
will give the antilogarithm correct to seven figures*. 

Illustration (i). Find the antilog of :023,9644. 

Here 6 = 39644, ¢ = 60356 and we have to interpolate between ‘02 and 
‘03. Hence reading the 2’s and their differences back from 7th figure+: 

Zo = 1047129 x °60356 — 439644 x °60356 {160356 x 555(3) 
+ 107159 x 39644 + 1:39644 x 568(1)} 
= 1056798(0) — 03987922 x 1683(77) 
= 1056798(0) — 67 (1) = 1056731, 
which is correct to seven significant figures and only needs insertion of 
decimal point. 


We will now try the other end of the table where the fourth differences 
are largest. 


Illustration (i). Find the antilogarithm of 9853426. 
Here: 6='53426, ¢ = 46574, and accordingly 
2 = "46574 x 9549926 — 1 °53426 x °46574 {146574 x 5063 
+ 538426 x 9772372 + 1°53426 x 5182} 
= 9668770(0) — -04147104(2) x 15371(6) 
= 9668770(0) — 637(47) 
= 9668132(5), 


* Asa matter of fact I originally took my compressed canon to eight figures and the formula 
still gives the correct result to eight figures. 


+ It avoids much waste of space and even confusion to read the differences as they are taken 
from the Table and put on machine, without inserting rows of zeros or any decimal points, 
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which is correct to one unit in the eighth place {9668132(6)} and only needs 
the insertion of the decimal point. 

It will be seen that our compressed canon of antilogarithms will provide 
by aid of the central difference formula antilogs correct to seven significant 
figures. In other words by taking out say to eight figures the antilogs of 
00 to 100 we could by aid of & reconstruct the whole of the tables of either 
Shortrede or Filipowski (seven figure tables). To reconstruct Dodson’s canon 
(11 figures) we should need to use & and initially our framework would need 
to consist of 12 figure antilogs. It is thus possible to use a frame of two 
figure logarithms to obtain a table of antilogarithms to seven figure accuracy. 

We now turn to the table of logarithms. 

Illustration (11). Required the logarithm of 4673218. 

Here: 6 = 73218, $= 26782. 

Accordingly 

2 = °26782 x 6627578 + °73218 x 6720979 
__ 73218 x -26782 


{1-26782 (— 2053) + 1:73218 (— 1966)} 


= 6695964(3) + 0326820746 x 6008(3) 

= 6695964(3) + 196(4) = 6696160(7), 
which only differs from the correct value 6696160(4) by 3 in the eighth 
figure. 

Now while the central difference formula to 6? (i.e. to third differences 
actually) will give seven figure correct results at the latter two-thirds of the 
table, it will fail in the first third, 1.e. above the position (33) where the line 
is drawn across, unless we use a central difference formula including actually 
5‘ terms. There are three ways of surmounting this difficulty, (i) we can 
actually calculate 6 from 


42, = O'z,, + &2_, — 28%, 
(ii) We can use directly the formula (xi) of p. 15, i.e. 
Zo = p&% + 02, — 4p 9G (1 + $) (2 + G) (34 + 8) &z, 
— zhy Ob (1 + 8) (2 + 0) (84 + 8) &z, 
+ xhy 96 (1 + A) (1+ $) (2 + fh) &e_, + (2 + 0) 8}... (xii), 
thus appealing only to second differences already tabled. 


(iii) We can by a multiplying factor reduce the logarithm to a part of 
the table where its value can be accurately found by & terms alone. 
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Illustration (iv). Find the logarithm of 1:056731. 


We have taken purposely a number from the most difficult part of the 
table. We will illustrate all three methods. 


(i) We have at once 54g =— 2695, 542, = — 1131, the 6’z_, having been 
included in the compressed canon for this purpose. Thus by (xi), p. 14, 
since 6 = 56731, ¢ = °43269, we have 


29 = 43269 x 0 + 56731 x 0413927 — {1°43269 x (— 43648) 


+1°56731 x (—'36041)} 


56731 x -43269 
6 


, DG7BI x 43269 . 143269 x 1 56731 


6 20 {2°43269 x (— '2695) 


+ 2°56731 x (— 1831)} 


(0234824(9) + -04091156(1) x 119021(5) 
— -04091156(1) x *11227346(8) x 11256(8) 


= :0234824(9) + 4869(4) — 51(7) = -023,9642(6). 


| 


This leaves us a unit out in the seventh figure, the correct value being 
023964.4(5-). 


(ii) We now turn to the second difference formula, substituting we 
have: 
56731 x 43269 
120 


x 143269 x 2°43269 x 9°70193 (— 43648) 


‘56731 x ‘43269 
ce 120 


x 1:56731 x 2:56731 x 929807 (— 36041) 


‘56731 x “43269 
120 


x 1:56731 x 143269 {243269 x (— 538950) 
+ 2:56731 x (—30265)} 
= 0234824(9) + 002045578 {1475915(5) + 1348412(8) — 469175(7)} 
= 023,9642(5) as before as it should do. 


2 = 56731 x 0413927 — 


60 
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Compressed Canon of Logarithms and Anti-logarithms. 


5 5 Anti- 6? : 6? Anti- 62 
Logarithm ad logarithm En Logarithm} _ logarithm x 
oo == — T000000 530 50 6989700 | 1738 3162278 | 1675 
or i == 1023293 543 51 7975702 | 1670 3235937 | 1717 
02 — — 1047129 555 52 7160033 | 1606 3311311 | 1756 
03 = = IO7I519 | 508 | 53 | 7242759 | 1546 | 3388442 | 1797 
04 ue = 1096478 | 581 | 54 | 7323938 | 1490 | 3467369 | 1839 
05 — — 1122018 595 55 7403627 | 1436 3548134 | 1881 
06 — — 1148154 609 56 7481880 | 1385 3630781 | 1925 
o7 cae 1174898 | 623 | 57 | 7558749 | 1337 | 3715352 | 1970 
08 — — 1202264 638 58 7634280 | 1291 3801894 | 2016 
09 — 53950 | 1230269 652 59 7708520 | 1248 3890451 | 2063 
IO | 0000000 | 43648 | 1258925 668 60 7781513 | 1207 3981072 | 2111 
II | 0413927 | 36041 1288250 683 61 7853298 | 1167 4073803 | 2160 
I2 | 0791812 | 30265 1318257 699 62 7923917 | 1130 4168694 | 2210 
13 | 1139434 | 25774 | 1348963 715 | 63 | 7993405 | 1094 | 4265795 | 2262 
14 | 1461280 | 22215 | 1380384 732 64 8061800 | 1060 4305158 | 2315 
15 | 1760913 | 19345 | 1412538 | 749] 65 | 8129134 | 1028 | 4466836 | 2368 
16 | 2041200 | 16998 | 1445440 766 66 8195439 997 4570882 | 2424 
I7 | 2304489 | 15054 | 1479108 784 67 8260748 968 4677351 | 2480 
18 | 2552725 | 13425 | 15135601 803 68 8325089 939 4786301 | 2538 
19 | 2787536 | 12047 | 1548817 821 69 8388491 QgI2 4897788 | 2597 
20 | 3010300 | 10871 1584893 840 70 8450980 886 5011872 | 2657 
2I | 3222193 9859 | 1621810 860 71 8512583 862 5128614 | 2719 
22 | 3424227 8982 | 1659587 880 We 8573325 838 5248075 | 2783 
23 | 3617278 8217 | 1698244 goo 73 8633229 815 5370318 | 2847 
24 | 3802112 7540 | 1737801 921 74 8692317 793 5495409 | 2914 
25 | 3979400 | 6954 | 1778279 | 943] 75 | 8750613 | 772 | . 5623413 | 2982 
26 | 4149733 | 6429 | 1819701 965 | 76 | 8808136 | 752 | 5754399 | 3051 
27)| 4313638 | 5961 | 1862087 | 987] 77 | 8864907 | 733 | 5888437 | 3122 
28 | 4471580 5543 1905461 IOIO 78 8920946 714 6025596 | 3195 
29 | 4623980 5167 | 1949845 | 1034 79 8976271 696 6165950 | 3269 
30 | 4771213 4828 | 1995262 | 1058 80 9030900 679 6309573 | 3346 
31 | 4913617 4522 | 2041738 | 1083 81 9084850 662 6456542 | 3423 
32 | 5051500 4243 | 2089296 | 1108 82 9138139 646 6606934 | 3503 
33. | 5185139 3990 | 2137962 | 1134 83 9190781 630 6760830 | 3585 
34 | 53147890 3758 | 2187762 | 1160 84 9242793 616 6918310 | 3668 
35 | 5440680 | 3547 | 2238721 | 1187 | 85 | 9294189 | 601 | 7079458 | 3754 
36 | 5563025 | 3352 | 2290868 | 1215 | 86] 9344985 | 587 | 7244360 | 3841 
37 | 5682017 3174 | 2344229 | 1243 87 9395193 574 7413102 | 3931 
38 | 5797836 | 3009 | 2398833 | 1272 | 88 | 9444827 | 561 | 7585776 | 4022 
39 | 5910646 2856 | 2454709 | 1302 89 9493900 548 7762471 | 4116 
40 | 6020600 2715 2501880 nl 13832 90 9542425 536 7943282 | 4212 
41 | 6127839 2584 | 2570396 | 1363 QI 9590414 524 8128305 | 4310 
42 | 6232493 2463 2630268 | 1395 92 9637878 513 8317638 | 4410 
43 | 6334685 | 2349 | 2691535 | 1427 | 93 | 9684829 | 502 | 8511380 | 4513 
44 | 6434527 2244 | 2754229 | 1460 94 9731279 492 8709636 | 4618 
45 | 6532125 | 2145 | 2818383 | 1494 | 95 | 9777236 | 481 | 8912509 | 4726 
46 | 6627578 2053 | 2884032 | 1529 96 9822712 471 g120108 | 4836 
47 | 6720979 | 1966 | 2951209 | 1565 | 97 | 9867717 | 462 | 9332543 | 4948 
48 | 6812412 1885 | 3019952 | I601 98 9912261 452 9549926 | 5063 
49 | 6901961 1809 | 3090295 | 1639 | 99 | 9956352 | 443 | 9772372 | 5182 
50 | 6989700 1738 | 3162278 | 1675 } 100 | 10000000 434 | 10000000 } 5302 
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Gui) Multiply 1056731 by 6 = 6340386, and let us seek log 6:340386 
which is in the latter two-thirds of the canon. Here 
6='40386, ='59614. 
29 = 59614 x 7993405 + -40386 x 8061800 


_ 40386 x 59614 
6 


= 8021027(0) + 0401261834 x 3234(3) 

= 8021027(0) + 129(8) = 8021156(8). 
But the value of log 6 = °778,1512(5). 
Hence log 1:056731 = :023,96443, 


{159614 x (— 1094) + 1°40386 (— 1060)} 


which is correct to the seventh figure ‘and only two units wrong in the eighth. 


We conclude therefore that this is the most accurate, as it is far the 
briefest, of the three processes. 


The reader has accordingly before him the remarkable fact that a table 
of the logarithms of whole numbers from 34 to 100 if taken to eight figures 
is an adequate frame for finding all logarithms to seven figures of all seven 
figure numbers. The actual calculation of any such logarithm with a 
machine only needs about three minutes. 


There is further knowledge to be gained from this table. Had we 
for example to form a table of logs and antilogs for all bases from 2 to 100, 
we should only need to multiply the present compressed canon about 100 
fold, or it would be increased to the size of an ordinary seven figure table of 
logarithms. Such a table would suffice to provide in about five minutes by 
the bivariate central difference formula the log or antilog of any given seven 
figure argument to any of the given bases correct to seven significant figures. 


This is really the key to multivariate tables, linear interpolation is 
dropped to reduce the entries to publishable proportions. But this does not 
mean necessarily lessened accuracy ; it means that slightly longer time will be 
needful for interpolation. 
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APPENDIX II. 


Some Works and Memoirs dealing with Interpolation. 


(1) H. Briees: Arithmetica Logarithmica. London, 1624. In Caput xu, 
pp. 27—32 deal with the constancy of high differences (for example usually the 
fifth) in 15 figure logarithms and discusses the importance of the fact for the 
construction and testing of such tables. He points out (p. 29) that the same 
principle applies to trigonometrical tables. The same idea is developed in Caput xu, 
pp. 35—41 of H. Briggs’ and H. Gellibrand’s 7'rigonometria Britannica, Gouda, 
1633, when Briggs is dealing with trigonometrical functions. There is no doubt 
that Briggs originated the use of high differences in the practical treatment, 
i.e. construction and interpolation of tables. 


(2) J. Watuis: Arithmetica Infinitorum, Oxford, 1656. The first use of the 
words “‘interpolare” and ‘‘interpolatio” is attributed to Wallis: see for example, 
Props. cLxx (p. 138), cuxxv (p. 141), cuxxxiv (p. 161), ete. 


(3) G. Mouton: Observationes diametrorwm Solis Lunae apparentium, ete. 
Lugduni, 1670. Liber 111, “ De nonnullis numerorum proprietatibus,” pp. 368—396, 
merely repeats Briggs’ method of constructing tables by proceeding to a constant 
difference. There is no ground whatever for the continental practice of calling this 
process ‘“Mouton’s Method.” He does not cite Briggs, but as he uses 14 figure 
logarithms for both mere numbers and trigonometrical functions, he must have been 
familiar with Briggs’ works. He illustrates the method also on a few astronomical 
data. There is a copy of this work in the De Morgan Collection, University Library, 
London. 


(4) I. Newron: Philosophiae naturalis principia mathematica. London, 1687, 
Book 111, Lemma 5 (following Prop. 40), pp. 481—483. Newton here. gives for 
the first time what we now term the “forward difference” formula. 


(5) I. Newron: Methodus Differentialis, pp. 93—101 of the Analysis per 
Quantitatum, Serves, Fluaiones ac Differentias.... London, 1711 (edited W. Jones, 
printed ex officina Pearsoniana). Gives the two formulae usually called Stirling’s 
and Bessel’s Formulae, first with unequal, then with equal argument intervals. 


(5%) These formulae Stirling reproduces in his MVethodus differentialis, sive 
Tractatus de Summatione et Interpolatione Serierum Infinitarum. London, 1730, 
pp. 104—106. In his Phil. Trans. paper, Vol. for 1718 (p. 1050) he credits Newton 
with them even in the title. 
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(6) D. Corrs: Harmonia Mensurarum. Cambridge, 1722. At. the end of 
this work are printed among others two tracts by Cotes dealing with interpolation, 
namely De methodo differentiali newtoniana and Canonotechnia, sive constructio 
LTabularum per Differentias*. The former somewhat extends Newton’s method for 
running high order parabolae through points, and so finding areas of curves 
(integrals) by quadrature processes. ‘The latter is an article on the construction of 
tables by inserting intermediate values by differences between the computed values. 
The propositions are numerous but the notation is at first unusual and troublesome. 


(7) L. Euter: Institutiones Calewli Differentialis. Petrograd, 1755, Caput 0, 
pp. 39—69, “De usu differentiarum in doctrina serierum” gives formulae which 
resemble Lagrangians. They are reached by considering series of which a certain 
order of difference is constant. The highest parabola Euler gives is one of the fifth 
order and his result coincides with our a (i), p. 22. He deduces it from Newton’s 
forward difference formula. It is not, perhaps, an anticipation of Waring and 
Lagrange, but it is perilously near one. 


(8) J. H. Lampert: Beitraége zum Gebrauche der Mathematik, Theil 11, 
S v. Anmerkungen tiber das Einschalten, 8. 66—104. Berlin, 1772. Nothing 
very suggestive or original about uni-variate interpolation but we have here— 
probably for the first time—bi-variate interpolation formulae, the chief being the 
forward difference formula in two dimensions (8. 94). 


(9) E. Warine: “ Problems concerning Interpolations.” Phil. Trans. Vol. 69 
(1779), pp. 59 et seg. London, 1779. Gives the formula usually attributed to 
Lagrange, and also in generalised forms. It is questionable whether he could possibly 
have taken his idea from an early issue of Euler’s tract : see No. 10 however. 


(10) L. Eutur: De eximio usu methodi interpolationum in serierum doctrina, 
Opuscula Analytica, 'T. 1, pp. 157-210. Petrograd, 1783. Gives (p. 184) the 
general Lagrangian for equal intervals. ‘This does not antedate Waring unless the 
tract was originally printed at least four years earlier, but I have not found it in 
Reuss’ Repertoriwm, nor in Poggendorft’s Handwérterbuch, nor in the &. S. Catalogue 
of Scientific Papers as a separate publication. It does antedate Lagrange. 


(11) J. L. Lacrance : “ Legons élementaires sur les Mathématiques. Legon V. 
Sur Usage des Courbes dans la Solution des Problemes.” Jowrnal de I’ Ecole 
polytechnique, Tome 11, Cahier 8, pp. 274—278. Paris, 1795. Gives the simple 
formula now called after Lagrange, but really due to Waring. 


* They form part of the Opera Miscellanea, pp. 23—33 and 35-71. The reader must 
remember that Newton and his school signified by the “ differential method” and ‘ differences,” 
our ‘‘finite differences,” and used properly the separate term ‘‘fluxions” for our differential 
coefficients. 
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(12) G.S. Kiicen: Mathematisches Worterbuch, Article “ Kinschalten,” Band u, 
S. 10—56. Leipzig, 1805. Also Grunert’s Supplement to the Wérterbuch, 
“ Einschalten,” Bd. 1, 8. 25—51. Leipzig, 1836. Both these articles may be read 
with pleasure and instruction even today. 


(13) C. F. Gauss: ‘Theoria Interpolationis methodo nova tractata,’ Werke, 
Band 11, 8. 265—327. Gottingen, 1866. (This is from Vachlass, but Gauss was 
occupied with it in 1805.) See also J. F. Encke, “ Ueber Interpolation” (according 
to a lecture of Gauss, 1812), Berliner Astronomisches Jahrbuch, 1830, S. 265. 
Gauss’ formula with numerical values of coefficients is given by Bauschinger, 
No. 38. See our No. 17. 


(14) A. L. Caucuy: Cours d’analyse de ’Hcole polytechnique. 1st Partie, 
Note v, pp. 525—530, “Sur la Formule de Lagrange relative a |’Interpolation.” 
Paris, 1821. Cauchy proposes a formula involving the ratio of two expressions of 
different orders each similar to the Lagrangian. I am not aware that it has ever 
been adopted in practice, but it looks as if it might be of distinct value for asymp- 
totic forms, though for cases even of six entries I find it may be very lengthy. 


(15) Busser, F. W.: “ Anleitung und Tafeln die stiindliche Bewegung des 
Mondes zu finden,” Astronomische Nachrichten, Bd. i, No. 33, 8. 139—143. 
Altona, 1824 (May, 1823). Bessel draws attention to the use of the forward 
difference formula (as in the Connoisance des Tenvps) and suggests use of backward 
differences as well. He then deduces the formula now known as “ Bessel’s Formula” 
and remarks that “ich mich nicht erinnere sie irgendwo gefunden zu haben.” It 
is Newton’s Casus JJ somewhat complicated by choosing the end instead of the 
middle of the interval for origin of time. It has passed into the textbooks as 
Bessel’s Formula. I think Bessel himself recognised this in 1842, though he does 
not directly admit it, but he then speaks of Newton’s formulae as the most 
advantageous interpolation formulae. On 8. 142 Bessel gives another formula 
which appears again to be Newton’s Casus IJ arranged according to powers of 
Newton’s « (Bessel’s ¢) and with a better, but far from perfect difference notation. 


(16) F. W. Bessex: “ Anaiyse der Finsternisse. Abhandlung x, Astronomische 
Untersuchungen. Konigsberg, 1842. In the preface Bessel says that Abschnitt IT 
is wholly new. On 8. 150—151 of this section Bessel gives two interpolation 
formulae—those usually called after Stirling—but here rightly attributed to 
Newton. Of these he writes: “Die vortheilhaftsten Interpolationsformeln—die 
Newtonschen—sind bekanntlich die folgenden...” (8S. 150). Thus in 1842 Bessel 
recognised the Newtonian formulae to be the most advantageous. It is impossible 
to doubt that between 1823 and 1842 Bessel had discovered that his formula was 
Newton’s, The matter is of such importance—the vindication of Newton’s claim 
to three fundamental interpolation formulae—that I feel bound to reproduce 
Bessel’s exhibition of Newton’s formulae : 
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I= Newton’s Casus II (see No. 5, p. 97) 


Argument Function Ay Ao As Ay 
etc. 
= ay Cy ey ; 
b d 
oan a ¢é é 


a= (H+), c=t(ate), e=F( te), ete, 


» g 2 

ear rere teen en 
This agrees also with Stirling’s Casus secundus, except that Stirling makes his 
interval two, instead of unity (see No. 5’, p. 106), ie. Newton’s c= Bessel’s ¢ (in 
above) = Stirling’s 3z. This is a mid-panel formula with origin at centre of the 
panel. Transfer the origin to the end of the panel by putting t=” — 2 and we 
have the formula given by Bessel in 1823, and called after him in the text-books : 
see Nos. 15 and 38. 


II = Newton’s Casus I (see No. 5, p. 96): 


ee 
Argument | Function Ay J ANS - Ay 
| 
is d, etc., 
0) a € e 
| b d’ 


2b=(b, +0), W=(d+d'), 2f=(At/’), ete, 
t(@—-1 2(2-1 t (2-1) (@- 

oe ree See 
This agrees also with Stirling’s Casus I (No. 5”, p. 104) with changes of difference 
notation. It is called after Stirling in the text-books—erroneously. Bessel says 
that Newton’s formulae should be used for arguments from —} to +}. I think 
this is only partially accurate. (I) should be used for the mid-half of a panel, 
i.e. —} to }. Beyond this on either side (II) should be used, i.e. the limits are — } 
to } again. The proper range for the “ Bessel formula” of the text-books is n =} 
to n= #, and for the “Stirling’s formula” of the text-books —} to}. Newton’s 
T and II are not competing formulae, but are to be used for different parts of the 
panel, i.e. Stirling’s formula is a mid-point and Bessel’s formula a mid-panel formula. 
Neither formula should bear the name of Stirling or Bessel, any more than the 


2 
f(t)=a+b+5 e+ LU dicho 


formula due to Waring should be called after Lagrange. Stirling himself in his 
Scholion to Propositis xx (No. 5°, p. 107) gives the credit to Newton. 


P. 5 
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(17) Remark. If we take Newton’s Casus I, and destroy its symmetry by 
writing 
b6=4(6,+ 0)=b'—-4(0'—d,) =b'—fhe, 
d=1(d,+d)=d —}(d'—d,)=d —}$e, ete, 
we obtain on collecting terms, 
2 2 
f(t)=a+ 0 + sed ph as eae 
which is the so-called Gauss’ formula of the text-books. Thus Gauss’ formula is 
only the slightest transformation of Stirling’s or Newton’s Casws /. It is difficult 
to see what is gained by introducing this asymmetry as },, d,, etc. must be known, 
otherwise ¢, ¢, etc. could not be found. See Nos. 13 and 38. 


(18) Leeenpre: Z'raité des Fonctions elliptiques..., Tome 11, Chapitre xv, 
pp. 201—207. Paris, 1826. Gives the forward difference formula for two variates 
and illustrates its use amply. 


(19) F. Brtwnow: Lehrbuch der sphdrischen Astronome. Berlin, 1831. 
“Die Interpolationsrechnung,” S. 24—-42. Of no present importance. Formulae 
8. 30—31, appear to be Gauss, 8. 32 to be Bessel, but no names or references, 
except to Encke’s papers. 

(20) A. L. Caucuy: “Mémoire sur |’Interpolation,” Jowrnal de mathématiques 
pures et appliquées, Tome 11, pp. 193—205. Paris, 1837. A novel interpolation 
method of au approximational character, entirely different from that of parabolic 
curves. Iam not at all convinced of the value of the method, either for the case 
of an n-constant curve run through n points, or in the case of the same curve 
through m-points (m >) supposed subject to errors. 

(21) A. DE Morean: The Differential and Integral Calculus, Chapter xv, 
“On Interpolation and Summation,” pp. 542—560. London, 1842. As usual 
a certain amount of material, not readily found elsewhere. 

(22) E. Brassinne: “Sur |’Interpolation” (an extension of Cauchy’s method 
in the Cowrs @analyse, see No. 14), Journal de mathématiques pures et appliquées, 
Tome x1, pp. 177—183. Paris, 1846. The paper indicates the variety of formulae 
which are included under Cauchy’s “ratio” formula. See No. 14. 


(23) J. Biznaymé: “Sur les différences qui distinguent interpolation de 
M. Cauchy de la methode des moindres carrés, et qui assurent la supériorité de 
cette methode,” Jowrnal de mathématiques pures et appliquées, Tome xvii, pp. 299— 
308. Paris, 1853. (Criticism of Cauchy’s method of 1837.) See also Comptes 
rendus, Tome xxxvil, pp. 5—13, and Cauchy’s various memoirs in the same volume. 
Notwithstanding Bienaymé’s criticism, the method seems approved by Bauschinger 
(No. 42, S. 817). Rice (No. 34, p. 233) cites the literature in his very brief 
bibliography, but I have not been able to trace any reference to the method in 
his text. 
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| (24) P. A. Hansen: Tables de la Lune, pp. 68—71. Londres, 1857. Gives 
a table as if for the first time of the coefficients of 3rd, 4th, and 5th difference 
terms in Stirling’s lst Difference Formula, i.e. Newton’s Casus J. These have been 
copied generally into the books of mathematical tables, e.g, No. 38*. 


(25) P. Tonesycuerr: “Sur Interpolation dans le cas d’un grand nombre de 
données fournies, par les observations,” Academie Impériale des Sciences, Mémoires, 
vir’, série 1, 1859, No. 5. St Petersburg, 1859. Explanatory and illustrative 
memoirs are O. Backlund, “Ueber die Answendung einer von P. Tchebycheff 
vorgeschlagenen Interpolationsmethode,” Bulletin de Academie des Sciences, Tome 
XXIx, pp. 477—498. St Petersburg, 1884, and P. Harzer, “ Ueber eine von Herrn 
Tchebycheff augegebene Interpolationsformal,” Astronomische Nachrichten, Bd. cxv, 
8. 337—384. Kiel, 1886. Gives tables to facilitate use. 


(26) W. 8S. B. Wootnouse: On Interpolation, Summation and the Adjustment 
of Numerical Tables. London, 1865. See also The Assurance Magazine and 
Journal of the Institute of Actuaries, Vol. x1, pp. 61—88, 301—332; Vol. x11, 
pp. 136—176. London, 1864—1866. Largely occupied with an individual formula in 
a variety of forms and its application to quadrature. (The Casus primus of Stirling 
(Newton) expressed only slightly differently is Woolhouse’s (a) (p. 8 of the offprint). ) 


(27) J. L. Lagrance: “Sur les Interpolations (1778),” Oeuvres, Tome vu, 
pp. 535 et seg. Paris, 1870. Also “Mémoire sur la Méthode d’Interpolation 
(1792—3),” Oeuvres, Tome v, pp. 663—684. Paris, 1870. The empirical method 
discovered by Briggs and followed by Mouton receives in these papers its mathe- 
matical statement. The former paper has a useful historical summary. 


(28) G. Booxg (Ed. Movtron): A Treatise on the Calculus of Finite Differences, 
Chapter 111, “On Interpolation and Mechanical Quadrature,” pp. 33—61. London, 
1872. May still be of some value to the English student. 


(29) W. Cuauvenet: A Manual of Spherical and Practical Astronomy. 
Interpolation by Differences of any Order, Vol. 1, pp. 79—91. Philadelphia, 1874. 
Supplies numerical illustrations from astronomy of some of the chief interpolation 
formulae. Like all the text-books on astronomy I know, it cites Bessel’s formula, 
but omits to state where and when it was first published. 


* The first appearance of tabled coefficients of Bessel’s formula are to be found in a work by 
Sawitch, but W. C. Goetze in his translation of Sawitch: Abriss der praktischen Astronomie, 
Hamburg, 1850 (see preface and §. 425, 434) states that the originals are in Wrangel’s Hiilfstafeln, 
which I cannot find. C.F. W. Peters in his Astronomische Tafeln und Formeln, Hamburg, 1871, 
gives S. 103 the coefficients of Bessel’s formula and §. 104—5 those of Stirling’s formula. The 
former differ from those in Sawitch (? Wrangel) in that they proceed by decimals of the panel, 
and not to minutes of the hour or day. Peters’ values appear to be those copied in later books, 
often without acknowledgment. 


' 
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(30) C. W. Mzrririeip: “ Report on the present State of Knowledge of the 
Application of Quadratures and Interpolation to Actual Data,” British Association 
Report (Swansea, 1880), pp. 321—378. London, 1880. Useful, but not as full as 
one might have wished ; this is especially true in regard to bibliographical details. 


(31) E. Heine: Handbuch der Kugelfunctionen, Bd. 1, Anwendungen, 1 Theil, 
“ Mechanische Quadratur,” 8. 1—31. Berlin, 1881. This is a good account of the 
methods of using an interpolation formula to obtain quadrature, especially the 
Gaussian method for selecting the best unequal intervals between ordinates to give 
the most accurate value of the interval. (Gauss, Werke, Bd. 11, 8. 163—196. 
The original memoir (1876) belongs to quadrature rather than to interpolation.) 


(32) R. Rapau: Etudes sur les formules @Interpolation. Paris, 1891. See 
also Bulletin Astronomique, Tome vill, pp. 273—, 325—, 376—, 425—. Paris, 1891. 
A useful paper in several ways, especially for those who desire further light on the 
methods of Cauchy and Tchebycheff, which are treated at rather disproportionate 
length. Radau in some respects antedates Sheppard. 


(33) A. A. Marxorr: Differenzrechnung. Leipzig, 1896. (Translation of the 
Russian edition, Petrograd, 1891.) Very full discussion and references for history 
and practise of Interpolation. 


(34) Hersert L. Rick: The Theory and Practise of Interpolation. Lynn, 
Mass. 1899. A useful, but somewhat disappointing book. 


(35) J. D. Evererr: “On a Central Difference Interpolation Formula,” British 
Association Transactions. Bradford, 1900, pp. 648—650. Followed by a Note 
stating that Newton discovered first the forward difference formula in Lemma 5 
which follows Prop. 40 in Book 111 of the Principia. First statement of mid-panel 
central difference formula. 


(36) W. F. Suepparp: ‘Central Difference Formulae,” Proceedings of the 
London Mathematical Society, Vol, xxx1, pp. 449—488. London, 1900. Contains 
a great variety of central difference formulae. 


(37) J. D. Evererr: “On Interpolation Formulae,” Zhe Quarterly Journal of 
Pure and Applied Mathematics, Vol. xxx1i, pp. 306—313. London, 1901. 


(38) J. Bauscnineer: Tafeln zur theoretischen Astronomie. Leipzig, 1901. 
Gives Newton’s, Stirling’s, Bessel’s and Gauss’ formulae and the corresponding 
differentials in terms of differences (S. 136—7) with tables of coefficient values up 
to fourth differences for interpolation, differentiation and quadrature—usually to 
five decimal places (S. 138—140). No references to original sources. 


(39) Grorce Kine: Text Book of the Institute of Actuaries, Part 1, pp. 447 
et seg. London, 1902 (pp. 434—-457. London, 1887). A useful discussion of the 
subject, with illustrations from actuarial data. 
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(40) J. D. Evererr: “On a New Interpolation Formula,” Journal of the 
Institute of Actuaries, Vol. xxxv, pp. 452—458. London, 1901. Another publi- 
cation of the mid-panel central difference interpolation formula. 


(41) J. D. Evererr; Article “Interpolation,” Hncyclopaedia Britannica, 
10th Edition, Vol. xxrx. London, 1902, pp. 540—542. An article not wholly 
superseded by the more recent account in the |1th edition. 


(42) J. Bauscuincer: “Interpolation,” Hncyclopédie der mathematischen 
Wissenschaften. Erster Band, Zweiter Teil, 8. 799—820. Leipzig, 1902—4. Useful, 
but somewhat brief. 


(43) H. Bruns: Grundlinien des wissenschaftlichen Rechnens. Abschnitte 1, 
i and 1x, S. 11—6!, 149—159. Leipzig, 1903. Not very adequate. Wanting 
on the side of practical applications and illustrations. 


(44) W. F. Suepparp: “On the Accuracy of Interpolation by Finite Differ- 
ences,” Proceedings of the London Mathematical Society, Series 2, Vol. 1v, pp. 320— 
341. London, 1906. Deals with the important points of error in interpolation 
due (a) to the possibility of a difference of something under a half unit in the last 
figure retained in the interpolants, and (6) to errors of observation when the inter- 
polants are measured quantities. 


(45) W. F. Suepparp: Article “Interpolation,” Hncyclopaedia Britannica, 
11th Edition, Vol. xiv, pp. 706—710. Cambridge, 1910. Most complete English 
account of the present state of our knowledge, limited by the conditions of publication 
on the bibliographical side. 


(46) Davin Gres: “A Course in Interpolation and Numerical Integration.” 
Ldinburgh Mathematical Tracts, No, 2. London, 1915. A helpful book for the 
learner ; it does not, however, cover the ground of central difference methods, 
nor the bivariate tables of our tracts. 


(47) 8S. A. Jorre: ‘“ Interpolation-Formulae and Central Difference Notation,” 
Actuarial Society of America, Transactions, Vol. xvii, pp. 72—98. New York, 
1917. I regret that I did not know of this paper until the present bibliography was 
in proof. Joffe does justice to Newton, but apparently had not come across Waring. 
I do not think his terminology and in particular his symbols are at all likely to be 
generally adopted, but he had studied the history of the subject far more closely 
than previous writers, 


(48) Duncan C. Fraser: “ Newton’s Interpolation Formulas,” Jowrnal of the 
Institute of Actuaries, Vol. Li, pp. 77—106, 211—232. London, 1918-—1919. 
Also as offprint (Layton Brothers). This paper reproduces all Newton’s work on 
Interpolation, provides a facsimile of the Methodus differentialis and adds letters 
referring to Newton’s views, translations and notes. 
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(49) A. Kowaxewski: Wewton, Cotes, Gauss, Jacobi. Vier grundlegende 
Abhandlungen tiber Interpolation und gendherte Quadratur (1711, 1722, 1814, 
1826). Ubersetzt baw. herausgegeben und mit einem erlauternden Anhang 
versehn. (Veit.) 1917. Nothing of special note for English readers as to Newton 
and Cotes, but a good account of Gauss’ (No. 13) and Jacobi’s (Crelle’s Journal, 
Band 1, 8. 301, Berlin, 1826 and Band u, 8. 223, Berlin, 1827) contributions 
to quadrature by interpolation formulae for unequal intervals is provided. 


(50) J. P. Gram: Om Raekkeudviklinger, bestemte ved Hjaelp af de mindste 
Kvadraters Methode. Kjgbenhavn, !879. See also Crelle’s Journal, Band xctv, 
S. 41—73. Berlin, 1883. A valuable paper on generalised interpolation, i.e. inter- 
polation by series of functions other than integer powers of a. 
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PART II. BI-VARIATE INTERPOLATION 
By Karu Pearson, F.R.S. 


General Remarks on Bi-variate I nterpolation. 


In this second part of our investigation we lose the guidance and sugges- 
tion hitherto provided by the many writers on uni-variate interpolation. The 
practical need for dealing with multi-variate tables seems to be a recent one 
and most writers on interpolation, including those on finite differences, appear 
to content themselves with a brief reference to the use of forward differences 
in bi-variate interpolation. We have already pointed out the defects of forward 
lifferences even in uni-variate interpolation and argued that they must be 
replaced by central differences, i.e. if we are working from n values, these 1 
values should be taken from the nearest n values to the interpolate, and this 
is far from the case with forward differences. The argument is greatly 
strengthened when we come to multiple interpolation. The nine nearest 
interpolants to a given interpolate are by no means nine out of the ten 
points involved in using the cubic ditterences of a forward difference bi-variate 
formula. It is more than reasonable to suggest that the nine nearest inter- 
polants will give a better value for the interpolate than the ten forward 
difference interpolants which leave the interpolate on the edge of the 
interpolant group. The following diagrams illustrate this difference : 


(i) (ii) 


O O O --—- O O 
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I = plan of interpolate, o = plans of interpolants. The dotted boundary indicates 
the range of interpolate corresponding to each system. 


These schemes, however, show in its most elementary form a special 
difficulty of multi-variate interpolation. Geometrically the forward difference 
formula is only the process of throwing a surface of the form 


z= function of integer ascending powers of « and y 
through ten selected points. Such a surface is an obvious cubic surface. 

But if we take the nine nearest points as in (i) what is to be the form of 
the interpolant surface? We can only obtain it by leaving out one term of 
the general cubic surface, and if we are to retain the symmetry of our formula, 
the one term possible must be zy. We start accordingly with the surface 

Z= Cot GL + Co + Cx? + Cay? + Cyt? + C,27y + CyxYy? + Coy’, 


and find it cannot be passed through nine arbitrary points whose plans are a 
rectangular network without hopeless restrictions on the corresponding 2’s. 
For example 

LE i = GS ie, 
and if such a relation holds, our constants are not uniquely determinable. 
This type of difficulty pursues us throughout bi-variate interpolation. If we 


take the 21 nearest points as in this diagram, 
(iii) 
oO O O 


‘e) O .@) O oO 


eo) 1@) oO 


their plans forming a rectangular network, but the general quintic with 21 
constants cannot be determined (for reasons similar to those just stated) for 
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the above 21 interpolants. A quintic surface can however be found for the 21 
following points* : 


(iv) 


S 
Oo 
O- - -O- - -0- 
O 
ms 


But these are not the 21 nearest interpolants to any point in the square area, 
the points are not symmetrical in the rows and columns of the table, Le. 
parallel to wv and yy, but only with regard to the diagonal YY. There seems 
therefore something artificial about the arrangement. 


The only course seems to be to obtain a surface passing through the 
system by dropping some of the lower order terms and introducing some of 
the higher into the equation of the surface. What terms are to be supplied 
will usually be suggested by. expanding the uni-variate interpolation into 
bi-variate interpolation in the manner we have presently to indicate. 


A fall mathematical treatment of the difficulties—and the interesting 
problems as to surfaces through point systems—raised by multi-variate inter- 
polation, I have not succeeded in finding. As far as I have been able to 
discover the discussion of multi-variate interpolation has been confined to: 


* T owe this interesting system to my colleague, Mr H. E. Soper, who has expressed the 
result in differences. 


‘ 
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(i) A suggestion of the use of the bi-variate forward difference formula. 


The great objection to this formula is that it does not weight equally all 
interpolants which have the same degree of proximity to the interpolate. This 
objection is the objection to the forward difference formula in uni-variate 
interpolation but intensified. 


(ii) A suggestion that we should interpolate values first for one variate, 
say a, and then from the resulting values interpolate for the other, y. 


Unfortunately if we have to use high differences we must use our inter- 
polation formula a high number of times to obtain the requisite number of 
values of y for a given w, before we again use the interpolation formula to 
obtain the required value of y. 


The method is therefore not only laborious in the case of high moments, 
but it will be found that if we interpolate for y first and then for « the results 
will not necessarily be in accordance*. 


(1) A method due to Mr W. Palin Elderton. In 1902 he suggested a process 
(Biometrika, Vol. 11, p. 105) of practically working interpolation on two variate 
tables, which is akin to (ii) but uses function values instead of differences. 
He has further given an ingenious process for uni-variate interpolation on a 
bi-variate table (Biometrika, Vol. v1, p. 94, 1908), but I venture to think this 
might present certain difficulties when applied to some of the ‘ precipitous ’ 
tables with which we have recently had to deal. 


In dealing with the double entry @(r, v) table of the British Association 
Report of 1899 I remarked on the difficulty of giving equal weight to all 
adjacent points, and wrote : 


“With regard to interpolation formulae for Tables of double entry, we 
have been unable to discover much consideration of the subject, possibly 
because hitherto such tables have been rather rare. We do not know of any 
formulae, similar to those for interpolation on a curve for interpolating on 
surfaces” (p. 68). 


When writing this I had in view something of the nature of Lagrange’s 
formula, but for two dimensions. I did not perceive at that time, nor for a 
long time afterwards, when dealing with tables where it was requisite to use 
high differences for interpolation purposes, that the central difference formula 
extended to two dimensions was essentially what I needed. 


* The reader can test this at once in a simple case by using linear differences. Accordance 
depends on a plane passing through four points, which as a rule it cannot do. 
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General Mid-panel Central Difference Formula. 


Consider the diagram (v) on p. 9, and let the function value to be inter- 
polated be in the square formed by the tabled values 2,9, 21, 2,1 and 4,9. 
The required value is 2, dividing the horizontal unit in the ratio y to wand 
the vertical unit in the ratio @ to ¢. Taking the tabled values as indicated in 
the accompanying figure, the four ‘nearest’ values may be considered as Zo, 
2,1) 21,1: %,0; 1f we go a stage further we must introduce the eight values 
21,15 20,9) 21,2) 22,1» 22,0) 21,1» 2,1, 21,0, lying on the broken line hexagon of 
the figure. The use of these twelve points corresponds to using second central 
differences. If we now take the twelve points on the dotted line hexagon, 
UO 2945 21.0, 2opas-2regy Sa,4y 2345 Fe, 0) S424 21,05 Zo, ay Sy See) We Shall-base 
_our interpolation on the 24 ‘nearest’ points. To obtain our interpolation 
formulae in a Lagrange form we should need therefore to determine surfaces, 
whose constants are fixed by 4, 12, 24 points respectively. It is not easy, 
however, to choose such surfaces a priort; they cannot be selected like the 
high order parabolae of uni-variate interpolation. Four points are too few to 
fix a general quadric surface of the type 

Z2=At+ bat+oay +4 (da? + 2e,xy + fry’) + ete. 
and twelve points for a similar type of cubic surface are too many. In the 
same way 24 points are too many for the bi-quadratic surface of the like form 
and a sextic requires 28 points to fix it. It is only when we have obtained 
the central difference formula for two variates that we can see light on the 
nature of the required surfaces by replacing the differences by the tabled 
functions, Le. 2’s. 


Let the interpolate divide the square formed by the four nearest inter- 
polants in the #-ratio 0: 6(¢=1—@)and the y-ratio y: p~O~=1—y). Then 
the usual mid-panel central difference formula provided us with 


1 
£6,x% = fo, + Gas, x — 6 ag (1 + d) 02, x +(1 +9) &2;, x} 


ie 


159 0A PUES) (Z +) Bey + (2+ 8) 5%, 


+ 


- 700 + 8)(2+ A) $(1 +4) (2+ $) (3+ $) 8%, +(3 +0) da,,,} 
: — ete. 0.0... (1). 


If we stop at the first line, this is a cubic passing through the four points 
on the x-line; if we stop at the second line, this is a quintic passing through 


ra 
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the six points on the y-line, and if we stop at the third line we have a 
septenic passing through the eight points on the y-line. Consequently if we 
expand z,, and z,,, exactly as we have expanded z, , we shall obtain surfaces of 
the sixth, tenth and fourteenth orders passivg respectively through 16, 36 and 
64 points arranged in squares of 4x4, 6x6 and 8x8 points. But the resulting 
formulae contain respectively fourth, eighth and twelfth order differences, and 
we do not propose to keep in the several cases terms higher than the second, 
fourth and sixth order differences, so that the formulae shall be correct up to 
but not including fourth, sixth and eighth order difference terms respectively. 
Looked at from the Lagrangian standpoint, what points will our surface pass 
through under these conditions and what will be its order ? 


We have, if 8’ denote a y-variate central difference operator, 


Zax = Vino + X%1— 6 XV (+ W) Soot (1 +x) 8%.) 
si EMPL EW) (2+ W) Buot Q +x) ) 
—FXTEVAAVYP IEW A+W (B+ WS 04 BHA) Bs} +» 
2x = Peo + xa — EXHALE W 8% ot (1 +x) 83) 
Hex tx) Vth) (2+ W042 +x) ois 


~FxAE 24H FW Ath (B+ W a4 By) i} + 


We have then to operate with & and 6‘ on these two expressions and substitute 
in the above formula for z ,. For most practical work, however, we can hardly 
with advantage retain terms beyond the fourth order differences. As we shall see 
the formula then denotes a sextic, but it only passes through the 24 nearest 
points, whereas the general sextic could theoretically be made to pass through 
28 points. Actually what we have obtained is an approximation to the tenth 
order surface which passes through a 6 x 6 square of points, the approxima- 
tion consisting in the neglect of higher order differences. The following is 
the result reached : 


26,x >= PZ ,o 3 $XZ,1 AP OWzZ,, 0 + Oy2,,4 
— GOd (1 + f) (Yr 8%%o,0 + X8%,1) + CL + 8) (OA, + XO'%,1)} 
i aXW {1 t; W) (f 8725, 46 087Z, 0) a el ap x) ($8%,1 SE 0872, )} 
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a 70 9h qd + 0) qd oe $) {(2 +.¢) (apr d4Zo, 9 ar x 542, 1) 
+ (2 + 8) (S42, 9 + x O42;,1)} 
+ Fy Obyar {(1 + $) (1+ yr) 8°8'%u,0 + (1 + 6) (1 + x) 89%, 
+ (1 + 0) (1 +) 8°5%2,,9 + (1 + 8) (1 + x) 8°82,,1} 
+ z30 XW 1+ x) (1 +h) (C2 + W) (G8, 0 + 08%2,,0) 
+ (2+ x) ($842), + 0842, ,)} 
— hy OGyh (1 + A) (1+ p) ((2 +H) [C1 +) 648% ,0 + (1 + x) 88%, 1] 
+ (2 +) [(1 + yr) 0467z,,, + (1 + x) 548%2, ,]} 
— rap yh 1 +x) + W) (2 +) [C1 + G) 8°42, + (1 + 8) 8°52, 0] 
+(2+ x) [C1 + ) 69642), + (1 + 8) 862, ,]} 
— sor0 9h (1 + $)(2 +) (1 + 9) (2 + 8) [(3 + h) (Wy 8%o,0 + ¥8%%,1) 
+(8 + 8) (d%z,. + x 5%,1)] 
— soo VX (1 + WZ 4H) 1+ x) (24+ x) [8 +H) (68 %,0 +082), 0) 
+(3 + xy) (P8%2,, + 06%, ,)| 


SLGPUNS OL UIT peer es Trae thats te Soe t tae aks CEO TH eae de aes (iv). 
(v) 
Z_-» -2 Lah Z-o0 Zon Zo5 0 Z->. 
ee) Yorn toy iter | (0) 
74E oy Pha ne CeO CSE 
Oo {@) (@) O 
¢ 
Zo, -2,0° Zo, -1 ~ Zo - Zo, 3 
of O 
. e 
Oo: 7 @) 
Ze ase =X, Wa 21,2 | 21,3 
ove. to) [Oar tO 
Zo, -2 Zo, -1 o° 22,2 Z» 
COmCuntO. 0). 10. 90 
Zo Z3, -1 Zs. 0 Z3,1 Z3, 9 Z3,3 
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Here 8°00 = 41,0 — 22,0 + 21,0; 822), 9 = 29,1 — 22,0 + 2,1; 
O 744 <i eae 22,1 teem 6%, 1 = 4 ,2- 220,1 + Zo; 
0°21, = 22.9 — 22,0 + 2o,05 0724 9 eA 224; + 2, -4, 
&z,, pla PR le 22,1 + 2.1, 67278 fae Ah 2211 + 21,0, 


O12, 9 = 0°21, 9 — 207%, o F020) 0 2,0 © M01 — 20 Soo FO =: 
5425, 5 = 072, 1 — 20°4p,1 + 0°2_4,1, 042,1 = 0% 2 — 20 201+ O Su, 
O42,» = O'Sp,9 — 20'21,¢+0'ho0r 041,020 11 20 at O 2 
O14 y= OZ, 1 — 202, + O's) 1, 0 S11 = 0 hia 20 aaa © ay 
870 fp,9 = 0°29 — 20 *Zo,0 4 0 124.9 = 0'ep, st 20'S, 9 + 0%, a> 
50 '22, 1. = 082, 1 — 2622, 1 + 072241 = O22 5g — 2072.1 + OZ, 0, 
87692, 9 = 07455 — 207216 + 02% 9. = 0%, — 20%, 9 + OA, 


8°09 5 = 02254: 20.20, 4 FO ey Oi a 20 tick Or gen gaa (v). 


Thus to obtain interpolation easily and correctly up to but not including the 
sixth central differences, each tabulated entry should be accompanied by five 
differences for that value, namely: 6’, 6”, 64, 64, and 66”. If space does not 
permit of printing all five, then 6? and 6” should at least be given. From 
them 6‘, 64, and 66” are easily deduced by aid of the above relations. 


The proposal I wish to make is that in future with machine instead of 
logarithmic calculation the tabling of first differences is of no importance, that 
for a uni-variate table second and fourth central differences should be tabled 
as in the Tables of the Digamma and Trigamma Functions (Cambridge Press) 
recently issued by this Laboratory. In many cases it will be sufficient to 
table 6, which will give accuracy to the third difference order and is therefore 
far better than simply tabling the first difference. In tables of double entry 
there should be, as in Vega’s 10-figure logarithm tables, at least one separate 
facing page of differences and it should record, where feasible, the five funda- 
mental central differences. It is the four sets of five differences at the angles 
of the nearest square which are requisite for the full central difference formula. 


In the uni-variate central difference formula 
2 = 24+ Oz, —kOg (1 + d) 82, + (1 + A) 82,} 
+79 (1+ 0) (1 + $) (2 + $) 0% + (2 + @) tz} 
— soi 9 (1+ 8) (2+ 8) (1 + $) (2 +h) (3 +b) H+ (3 + 8) dz} 


A CLG, w.ciGrenne se apieate peta ueobana.s v's aki Sollee en ege eae acres (vi), 
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the coefficients of the central differences are functions of 6 (since ¢=1— @). 
It is clear that a tabulation of these coefficients, i.e. 


tOP(1+¢), 7p 9h (1 + $) (2+ 4), 

and sory 9b (1 + 8) (2+ 0) (1+ $) (2+ 6) (3 + 9), 

would be extremely useful. For the second set of coefficients we have only to 
enter with ¢ instead of 6. Further it will be seen that in the bi-variate 
interpolation formula the coefficients which occur are the same coefficients or 
products of them. A table of these coefficients will therefore serve for single 
and double interpolation. Such a table is now in hand and will shortly be 
published. It should save much labour in central difference interpolation. 


Illustration. The figures on the following page give 36 entries from a 
table of double entry. The fundamental differences are provided as far as 
they concern our present purpose, which is to interpolate a value in the 
20,0) 20,15 2,19 21,0 area. To obtain nearly the highest influence of the fourth 
order differences we will find the value of 2, 4, OF the function value for 
Be hy oe 


In this case our central difference formula reduces to 
44,4 =3(%, o + 2,1 + 21,14 21,0) — gg (O%%o,0 + 07% o,1 + 72,1 + O2;, 0) 
— hy (67% 9,9 + 822 0,1 + 072211 + 0721, 0) + ghey (840,90 + 542.1 + Ste, + O42; 5) 
+ ake (8°52, 9 + 89522) + 8°62, 1 + 576’ 2K A 
x85 (8425, 9 + 84201 + 64211 + 8441, 0) 


—terms depending on differences of sixth order 


= *884,27968 + :000,80754 + :000,02594 
+:000,00092 + :000,00010 + :000,00001 


°885,1142. 


The value obtained by direct calculation is °885,1140, and the concordance 
may be considered very satisfactory *. 


Now consider how far any other method would be feasible. The table as 
it stands will occupy about 350 pages of royal octavo or quarto print. Our 
first differences have either five or six significant figures; it appears quite 
impossible without increasing the table to unprintable dimensions to reduce 


* It must be remembered that we have taken the position of nearly maximum error and 
interpolated for a 0-2 interval instead of the 0-1 interval of the actual table. 
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Sample of 36 Entries from a Table of Double Entry. 


Y= 46 4-8 5:0 5:2 
Z_9, 2 Zo, 4 22,0 @_9,1 
°8131724 -8034645 *7935052 *7833019 
— 81195 — 82816 — 84209 — 85356 
= 2585, — 2514 — 2440 — 2355 
— — 3513 — 

a — 11 1 
21,2 <2 peat @_1,0 ails 
8530509 *8451570 -8370194 -8286415 
— 73028 — 75190 — 77209 — 79075 
= 2465 = Ele yl — 2403 — 2364 

— 1563 1916 2294. 
— 6 4 8 
— 143 153 172 
%,—2 2,1 20,0 20,1 
-8856266 *8793305 -8728127 -8660736 
— 63635 — 66001 — 68293 — 70500 
= pail == SPAN — 2213 — 2201 
212 452 706 972 
— 4 8 = 9) 
= 74 85 90 
24,2 Beal “1,0 21,1 
-9118388 -9069039 -9017767 -8964557 
— 54030 — 56360 — 58671 — 60953 
— 1909 — 1923 - 1938] - i948] 
— 458 —- 317 = ~ 15i 39 
es sf 5 | 3 
— 19 29 42 
2%, 2 2,4 22,0 29,1 
-9326480 -9288413 ‘9248736 -9207425 
— 44883 — 47036 — 49200 — 51367 
— 1585 = 1610 — 1634 — 1653 
— — 782 — 688 — 585 
= a al — 5 — | 
— = il — 3 =| 
@3,-2 py i) 23,0 23,1 
-9489689 -9460751 9430505 -9398926 
— 36602 — 38494 — 40417 — 42366 
el Sit — 1308 = 1333 — 1359 
eT te 
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5-4 56 

29,9 @—2,8 
-772863 -7621974 
— 86253 — 86882 
— 2269 = Pale} 

@_1,2 ASS 
-8200272 -8111811 
— 80769 — 82287 
== OBI —~ 2268 

0,2 20,3 
*8591144 -8519361 
= PAY — 74625 
= 2191 = ily 
1272 1576 

109 = 

“1,2 21,3 
*8909399 8852286 
— 63193 — 65387 
= 1955 — 1960 
234 454 

46 == 

%9,2 22,3 
-9164461 -9119824 
— 53535 — 55695 
= We — 1689 

con 23.3 
-9365988 -933 1667 
— 44338 — 46328 
— 1383 — 1405 
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the intervals so that linear interpolation alone would suffice. If we worked 
by forward differences we should require to tabulate 14 instead of 5 differ- 
ences for each tabled value and should then only be correct to the fourth 
instead of the fifth order of differences. Thus there can be no doubt that 
the tabulation of central differences in tables of double entry will save at 
least two-thirds of the difference entries compared with a forward difference 
tabulation. If it is only necessary to proceed to third order difference 
accuracy we shall merely require to tabulate two instead of nine differences. 
The introduction of sixth order differences only contributes five to be sub- 
tracted in the tenth decimal places and so does not modify the result. 


In the above illustration the reader will recognise that a number of the 
fourth order differences are irregular in the last figure. This must always 
be the case, if the table has been reduced to, say, seven figures, before the high 
differences are formed. The raising of the last figure or the dropping of the 
eighth figure produces such a result. But except in the fact that it is 
displeasing to the eye it is of no practical importance, owing to the coefficients 
of the order of ;4, to 34, by which these fourth differences are multiplied. 
In fact for our seven figure result any fourth difference under 20 may 
virtually be left out of consideration. Even fourth differences of the order 
50 will when summed for the angles of the interpolation square only con- 
tribute about one unit in the seventh figure. 


The object of the present remarks will have been served, if they suggest 
that where we need to economise space as in tables of double entry, the right 
method is to use fairly long intervals in the arguments, and tabulate under 
each function value the five fundamental central differences, 


Relation of Mid-panel Central Difference Formulae to Lagrangian Formulae. 


We are now in a position to throw light on the nature of the surfaces 
which may replace the Lagrangian curves of uni-variate interpolation. 
It will be remembered that Lagrange really puts an nth order parabola 
through the n+ 1 points he proposes to interpolate from, but no surfaces as 
simple as such curves suggest themselves for interpolation through 4, 12 and 
24 points in general. Now let us approach the solution from the central 
difference bi-variate formula. To make our problem more general we will 
suppose our rectangles to be 2a x 2b. Then we take 


G=(a—2@)/2a, 6=(ata)/2a, x =(b— y)/2b, p= (b + y)/2b. 
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(i) For first differences only we have: 


/ 


a a © y ih a y J we Y 
fy = (1+ 5) (14 f) ano 3 (1+ 3)G-f)emtg( -*) (1+ fa, 


1 x y 
440-3 (-$ 41,1) 


1 le 
= A (2,0 + 20,1 AF Zot 4,1) + Lies (Zo,0 + 20.1 ae 1, 0 ae 211) 
Ly 1 ay rN 
+ D jp (20,0 — 20,1 + 2,9 — 4,1) + 2 ab 200 241 — Br, 21,1) +--( Vil). 


Hence first differences do not give a plane to correspond to the line of 
linear interpolation; we use a surface of the form 


Y = Cot CL + CoY + C4LY, 


or a hyperboloid and not a plane. To reduce our general surface of the 
second degree to a surface fixed by four points only, terms in «? and 7? are 
discarded. 


(ii) For second differences only we have: 


rat x y 1 oN ak y? 
cy = (142) (14 ¥) 0 +5 (1-F) +5 (1 Bt oe 
2 


i 1 
4, 8 
L x y\ { i ay al y? 
Pg ete tae tae aire ba 
i 
8 


~m (1-5) (1- (2+ 2) 
~35(1* §) 0- g) @- Zs aeQ- 3) ge) 0-9) 


2 
1 ae x y 
Sao lees a 
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This is a quartic equation omitting the terms in «4, wy? and y+. In other 

words we fit the surface of the form 
Z=Cotp CL + Coy + Ch + CyLY + CyYy? + Col? + 6, X7Y 
+ Cgty? + Coy? + Cy ay + CG, %Y’. 

(i) For fourth differences we have the lengthy equation given below. 
It is clear that in this case we are fitting a sextic with the terms in 2%, ay’, 
ay* and y® omitted or a surface of the form : 

Z= CoA GLA CY + Cy? + CyLY + CyYy? + CoX® + Cray + CgxY” + Coy’ 
+ Cy) t* + Cy ay + Cyt? Yy? + C3 0Y? + Cyy* 
+ O45? + Cg tty + Cy ?Y” + Cygt?y? + Cyg@Y* + Copy? 
+ Cap BY + Cot Y? + CopLy’. 

It is obvious therefore that in all these cases we make up the requisite 
number of constants by adding the product of wy and the requisite number 
of terms in even powers of w and y, Le. 

LYCs, LY (Cy®? + Cig yf”), LY (Coot! + Cyt? Y? + Cogy*), etc. 

It is not obvious why such terms are to be selected. But as the central 
difference formula gives the form of the Lagrangian parabola in uni-variate 
interpolation, so by analogy we may expect it to provide the nature of the 
surface in bi-variate interpolation when we extend the Lagrangian method 
to this case. 


Lugrangian Bi-variate Seatic. * 
ws 1 L y\ {1 Z ~ 1 y Vie 
a= Ga ls (1 fi 4 (1 +4) i (9-7) (25 =) +3(9-£) (25- *) 
uC? a 2 
-we(0-£)(0-B)} 
1 x 4) I a” 
+ Zo, EE Cs) ie: ‘3 


ON THE CONSTRUCTION OF TABLES 


16 


n na 


)Qit 


BIS 


| 
_ 
a 


(tM 


+ + 


iJ Nn ix] iI 


iL tite 


(1+ 


FIC IO [tS Ie JC ey 
fees bees oe Mae C) 
SE NS pe NS, : 
aS BIS SIS SIS WS : 
| | | | | 
10 Ye) Yer) ig) wD 
N AN N N N 
SS ee Ne 
Le) 2) We) ees} (de) 
Sls rls al§ 4/8 als 
| | | | | 
GS BS BR Pe I al oe 
ceo A Oe a ee ee eee 
See SSSR Soe Sen are Sis Srs Ss Bis Bis as as aS — 
SPC nee eet, (hee en poet et ages eae 
COREE a a . 
sl ee et he aa co Sho cae” eae 2 iene UN ae ies GS Pa ae 
= i<# i st 3 3 Bee 3 SoS a a 
| | | | | Bhs eis AIS DiS he 815 DIS HB SS SBS Seek Soe 
; Do BIS SS WS 
ESE et a cS ae = a ee | | | | 
SS re re 
ey <b ~ 8 Sis Ge Se CS OR Sek oe oa a SS 
Si ee > 815 8} 6d 85 8138 
Gre I ohare | ae LS ena | 
WS ¢ ID _ | 
pee | | os 2 ie ee ee Se eR es 
oom So are ae eee ee 
ey ee ee Ses ee is cS] i's SS %.[ x ls g is s/s aly Zin ore mohe® Ga mes 
eS eg ee BIA Ma Ma Bla Va WM BSE BIS BIS BRIS BIB 
sa a) LE 
cs SSS eS oa | | | | | | | | | 
| | | | + = = = _ = — 4 a 4 =| = ae 
— — — — aH SSS, ee, See ee ee ee ae 
pamGcrupmal Tet ee See ee 00 fe 0 | co | co [FS 0 | 0 [5 on |S Re = [s de) 
: No} No) ive) eo) jo eo) CS OD iS 4 CY | a ol tal lal Seal ass me bel <I oe tl Yen) 
oo col eel eon | een co [= oo |S co |S 19 ey 1 19 ey {Ne Iz 19 IN 3 In N 
i a ea fe a a ena ue Wee | 
a - i) 4 a ii cs) nt 
a 4 ° | | ¢ 7 20 * 2 ° | | a re a lV 
Dee a) ay OS he Re i ee el eee 
ou ieee ene ner et cit re eeu A team ey pan 


AND ON INTERPOLATION 17 


In the general case when we need an interpolation surface passing 
through a number of points whose projections do not form an equi-rectangular 
network but in which the ordinate z, has plan coordinates a,, b, we can 
easily express the coefficients of the z’s as determinants, which is probably 
the easiest method of calculating their value numerically. But the expansion 
of these determinants does not appear to lead to anything of the simple 
nature of the Lagrange coefficients in the uni-variate case. 

Thus in the simple case of interpolation from four points (25 G3) Ox 
(Z2, Qe, by), (23, as, 63), (24, As, b,), we have 


Zry = %| B — Ae, Y — bs, wy — dob, + 2| @ —ds, y —b3, wy—d3b, | 
Ideas) Bemba G30; 0,0, Gy — dz, 6, —b5, a,b, — 3b, | 
Qy— Mp, by — bz, Aghy — Agby | | dy — ty, by — bs, yb, — agbs | 
——————— Ss —EEEEEE—R——————————EEEEsE 
@, — A, b,— by, a,b, — agd, | @,— G3, Do—03, Aab2.— aed; 
ly — Az, b;— by, asb3— Aybg | (, —d3, b,— bs; a,b, — a,b, 
Qy— Mp, by — by, Ayby — Anb, | dy— Ms, b,—b3, dyby — ays | 
+2,| 7 —d4, y —by, wy — yb, +2, © -—m, y —b, ay—aMbh, 
dd, — Ay, 0, — by, a,b, — ayb, (ly — 0), be — 61, Ab, — 0, 
| @y— Ay, by — by, Agb,— ayby . | A3—ah, b,—0,, a3b,;— a,b, 
A ena oe Bi Se A 
3 — O4, b, — by, a,b, — a,b, | dy—0,, bs —b,, a,b, -—a,b, 
Gh — As, 0, — by, a0, — agby Ag — 0, b, —b,, Gob, — a,b, 
Gy — Oy, by — by, Gyb, — ayby dz — G,, b;—b,, a3b; — a,b, 


Now it is clear that such formulae, especially the 12 point and 24 point 
determinantal forms, will scarcely be useful for general interpolation into a 
table of double entry already calculated. They are too complicated for 
practical application, just as our formula in (ix) is far inferior to that 
in (iv). The latter can be used fairly rapidly when once the @, x functions 
are adequately tabled, and when the five central differences are tabled for 
each function value. On the other hand they may be practically useful 
when we are filling in a table from its framework. In such a case the 
values of #, y and of the a’s and b’s will be the same for a large range of 
values and 2,,, will be given in terms of the 12 or 24 adjacent z’s and numerical 
coefficients remaining the same over probably a large area of the table. 
If we attempted to use the formula in (iv), we should have first to calculate 
second and fourth differences from the framework, and then discard these 
and calculate an entirely new system of differences when the table was 
reduced to its final argument-ranges. 

Pp 2 
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Bi-variate Bridging Formulae. 


A similar application of the Lagrange surface type of formulae arises 
when we need ‘bridging formulae.’ As we have stated on p. 47 of Tract 
No. II we understand by a ‘ bridging formula’ one which is used to interpolate 
the final values of a table when we pass from one section of the preliminary 
frame with given argument-ranges to a second section in which it has been 
found needful to increase or decrease one or both argument-ranges of the frame. 


For example let it be needful to bridge by interpolation a boundary at 
which we pass to doubled argument-ranges and we propose to reduce the 
latter area, or both areas, to decreased argument-ranges. 


(vi) 


[2 


2-1 
| 
e @ @ © @ @ 
1,2 11 K _ Fee 
| 
poled (eg aga Ye GLUE fa) ha Waa So 
| 
e ® | i) ® ® 
-1,3 -1,1 ays -1,-3 
| 
| 
| 
® ® (} | @ a e 
—3,1 | -3,-1 
| 
| 
| 
@ ® } @ l 7) @ . 


In the accompanying diagram the dots give the plans of the calculated 
values (i.e. of the elevations). It is required to interpolate in the neighbour- 
hood of O, where Oy is half-way between the two districts. We will suppose 
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it adequate to use a 12 point formula, and select for our 12 values those 
of which the plans are enclosed in circles. It will be seen that we have 
omitted two points—these with crosses through them which are neigh- 
bours to 0. But if we take these in we shall either have to use 14 points 
instead of 12, or else omit two others. In the former case we are over-weighting 
the small argument-range area; in the latter case it is not easy to determine 
what two points to reject. The system as selected gives a certain semi- 
symmetry to the distribution in both areas. The result is, of course, of the 
nature of a compromise, but it appears better to make use of the smaller 
ranges of the upper area* at least to some extent, as the fact that smaller 
ranges have been calculated in the frame indicates that the larger ranges 
are less and less adequate as we pass into this area. 

Starting with this assumption of neighbouring points we may take the 
equation to the required surface (from what we have learnt from our central 
difference results) to be: 

Zuy = Co + OU + Coy + C,H + Cry + 65 Y? + CoX* + Cay 
+ Cgxy? + Coy? + Cy Vy + C30Y. 
If Ox and Oy be axes, we find for the values of the c’s: 
Cy = aby (2202.1, + 2202, 1 + 1352_, , + 1352_,,, — 482, — 482, _, 
— 402,,.— 40z,,_,— 122_,, —122_, _,-—152,,;—15z2_, -3), 
CO = ghy (1902, + 1902, — 1552_,, ~ 1552_, _, — 16z,, — 16%, _, 
+ 62-31 + 62_, 1 — 4021,.— 404,» + 152_1,, + 152_1,-3), 
= ghy (2562, — 2562, _, — 992. + 9924,, — 122_,,4 122, 4 
© — 482, + 482, , — 20215 + 202,» — 5243 + 524, ~s), 
C3 = ao (425, eal 420, = — 54,1 roe 52, at Aig eEs, -1); 
CG, = gh 1722,; — 1722, 1+ Wie ye 187255 = 16237 + 162, 
+ 62_s, 1 — 62_9, 4 — 20%,2 + 202,» + 52_1,3 — 521,-s), 
C; = ewe o + 82,2 — 841,1 — 84, 4 — 32-1, -1 — 82-4,1 + 824,3 + 321, 2), 
Oe = aby (8222 + 84a, 1 — 154, — 15%, + 1024, 1+ 10Z_, :—32_3,1—32_, 1), 
Cc, = ie CAE ee AZo = 47, — 84,1; +92, 1 — 321, + 324,1), 
see 9 + 84,2 — 8411 — 8%, 1 + 824,14 + 924,1— 844,3 — 82_1,_2), 
i (42, a- Az, Dietae ita ae as — 82, 1+ 82,4+ 32_4,-1 = 32_1,1); 
Cy= x40 (82., eas 82, 4 — 3425, + 32-24 — 6411+ 62, - Detects Saat yy 
C3= 36 (421.2 — 42), 2 — 21,3 + 2a, -3 — 825s Oe ie —1 + 32_;,1) 


S 
Cy 
| 


is) 
C-) 


* T.e. instead of taking the six upper points arranged like the lower, in which case our 


12 points would include nine (instead only of two) unused points within the upper area. 
2—2 
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Perhaps the most interesting points for interpolation purposes are those 
which fill in the values at the centre O and the mid-points of the adjacent 
square, 1.€. 


Zo = C= ghy (22041,1 + 2202, + 1352_, . + 18524,, — 48%,1 — 482 1 
— 402,,> — 402, -.—- 122_,, — 122_, _.— 15243 — 152-4,-4), 
Zo =Cot Crt Cy + Cy =} (4211 + 44,4 — 41,2 — 41,2); 
2,1 = Cy — Co + Cs — Cy = gy (— 34,1 + 33%, 1 + 17254, 
+ 32_1,; — 84,1 — 22_3,-4), 
24,9 = Co — Cy + Cy — Cg = Zg (924, + 9241 — 21,3 — Bn1, 2%), 


2,1 =Cot Cot Cs t+ Cy = ao (332, — 3%, 41 +3221,-1 + La —82,1— 22_5, 1) 


Now it will be seen that these formulae are of much interest. In the 
case of %,) and z,,. we are thrown back on the uni-variate interpolation 
formulae, i.e. we interpolate from y-variates only, or from a single row in 
both of these cases. In the case of z,, and %,, this is, however, not the 
rule; our interpolation formulae are not merely uni-variate, we use not only 
the actual column in which we are interpolating, but part of the adjacent 
column also. In other words, the almost universal custom to interpolate 
into a row or column of a table of double entry by using only values tabled 
in that row or column may not be really the most effective proceeding. 
Bi-variate interpolation may be best, even when we are interpolating into 
rows or columns of the actually tabled values. We have not demonstrated 
that this is so. All we have shown is that in certain cases, apparently 
depending on the asymmetry of point-distributions, bi-variate interpolation 
does not break down into uni-variate interpolation, when applied to points 
actually lying in a row or column of the existing table. It seems to me 
therefore that when a value has to be interpolated which can be obtained by 
uni-variate interpolation on a section of the function (treated as a surface) 
this may give worse results than a bi-variate interpolation from the nearest 
4, 12 or 24 points as the case may be. 


Illustration. The table on the following page will possibly illustrate the 
method. We are supposed to be passing to an area of the table where the 
argument-ranges have been doubled, and we wish to interpolate the values 
20,15 20,0, 0,1 and Z_,,, and also test the accuracy of our work by finding 2, . 
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The numbers in italics are those made use of for purposes of interpolation. 


(2s, 3) (22, 2) (20, 1) (25,0) (22, -1) (2, Zs, (4, 2) 
°386,9242 -387,4185 887, 8742 °388,2956 388,6865 °389,0501 389,3891- 


(4, 3) (4, 2) (2;, x) (A, ) (4, A) (4, a) (A, -3) 
°387,0180 ‘387 5085 ‘387,9608 °388,3790 ‘388,7669 -389,1277 °389,4642 


2,1! 20,02 2-1 
(2,3) (21,1 (44,1) (Z1,-s) 
"3872102 BOO LIOR “2a a! OO,90LT ‘339,6180 
(2_5, 3) (2_3, i) (2_s, 4) (z- 35 _s) 
°387,4080 ‘388 3208 G89,1012 *389,7762 


We find the following results, where we compare together (i) the results 
of the above formulae, (ii) the results of a four point Lagrange interpolation 
on the column or row or section, and (iii) the actually calculated values 
of the function. 


Bi-variate Uni-variate 


interpolation | imterpolation NTI UES 


*388,4639 -388,4639* 388,4638 


0,0 

21,0 -388,3791 -388,3791 °388,3790 
heise -388,5501 -388,5501 -388,5499 
20,1 -388,0489F -388,0488 -388,0488 
2,4 -388,84877 -388,8487 -388,8487 


It will be clear that the results show no advantage from the bi-variate 
interpolation, when the former differs in form from the uni-variate formula. 
They only show that the bi-variate interpolation gives quite good results. 
Let us examine a more critical case. 


* To avoid asymmetry we duplicate the formulae for %,, and zo, _1, i.e. take : 
Zon) = wey (B824)4 = Ley, = — La gt Mozy, be, et L124 4 — 820, 1 — eee) sess eee ee (xiii), 
Zo, =H (— 154,41 — 1°52, 3 +334, _, +1724, 1 + 1-524, 1 +1°5 24, -g — 8%, + 2z_g, -;)...(Kiv). 
+ By diagonal interpolation 
Zo, 0= ay ( — 4%, 9 + 15%, 1 + 102_,,; — 2-3, 9), 


or ent eer al OS eat LOZ een yea) | est ene asaeeuleu ee tane sauce (xv). 


Both give the same value to 7 figures. 
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We take the plan of our values thus: 


(vil) 


O 
8 
=!__-9 —-9- = 
O 


‘@) 

2 
—-O---O - 

Oo 


‘The interpolating points are given by circles and we have the twelve 
nearest points to the origin 0. Uni-variate interpolating formulae will only 
make use of the points on the axis of #, or those on the axis of y. Or if we 
made use of both # and y uni-variate interpolations we should use eight 
points, but they would not be the closest eight points. We need twelve 
constants for our Lagrangian surface through these twelve points. But, if 
following up our central difference results we take: 
Z=Cyo tC, L + CoY + Cyt? + CyLY + Cry? + C62* + Crax?y 
+ CsLY" + CY? + Cu BY + sry’, 

we find from the points on the y-axis that 

Cy = 4 (42, a5 420, Se ip ap a) 
or is fully determined by them. If on the other hand we take points on the 
L-AX1s 

Co $ (42,0 ct 4219 aS, On Z_2,0); 
and is again fully determined. Accordingly such a surface is impossible 
unless we have 

Az) at Az, =1 > “0,2 = 0,2 = AZ, ate Az_1 4 — 259 — 42,0, 


a condition which is restrictive and unlikely to hold in any special case. 
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We have accordingly to choose another pair out of the fourth order 
terms, and we take ¢,)2* and c,y*. It is conceivable that some other pair would 
be more applicable in any special case*. But without special knowledge it 
seems better to take a homologous pair. We cannot take all the quartic 
terms for we cannot arrange a ‘closest system’ of 15 pointst. 


We start then by passing the surface : 
ZH=Cot Ut Coy + C32? + CyLY + CsY? + CgX? + C,x2Yy + Cgxy? + Coy? + Cyt? + Cay? 
through our 12 points. We find the constants take the following values: 
Co. =4 (2219 + 224,04 22,1 + 22, 4 — 21,1— i, a — 24,1 — 21,1), 
Cy = zy (82,1 — 820, 1 — Z0,2-+ 20,-2)) Ca = zy (821,0 — 82-1,0 — 22,0 + 22,0) 


C3 = — Py (22,0 + 2%, 2 — 22,1 — 2%, 4. — 152, — 152,,_, 
— 152_,,-1 — 152_,,, + 30%,)+ 302_,,0), 


al oe 
C=%4 (41,1 = Seige sha 21,1) 


C5 = — gy (2209 + 2209 — 221, — 2219 — 152,,, — 152, 

—15z_,,-. — 152_,,, + 302, + 3024), 
C5 = — qe (22,1 — 22,1 — 2,2 + %, 2); Cg=— 13 (224;) — 221, — 22,0 + 22,0); 
C; = (23 a A ee 22,0 =F 22_1,0)s 


al, 
4 
C— 4 (21,1 Se CE eth eee 22,1 +: 2Zp, =); 


> 


= og (22,2 + 22,2 — 22,1 — 2%, -1 — 84,1 — 34,1 — 824, 
— 321, + 6%.) + 62_4 0) 
coils 5 —1,0/)> 


Clearly 2.=¢, and it is noteworthy that on the basis of the quartic 
surface we have selected it involves only the eight closest points and leaves 
29,9, 22,0) 20,2 and %,»—all requisite for the two uni-variate interpolations— 
out of account. In order to illustrate numerically I take a table of wide 
range intervals—ie. too large for interpolation of the present order—but 
adequate to show the relative goodness of results. The uni-variate column- 
interpolation will be: 

L,0=F (421, + 42_1,9 — 22,0 — 22,0), 
* A pair of terms both involving a power of « (or of y), €.g. ¢9v4+¢ 3 %°y*, appear to be as a 
rule inappropriate as ¢, will then be a function only of the axial values, i.e. for axial inter- 
polations we are thrown back in one or other case on uni-variate interpolation. 


+ We could arrange one of 16 points, although not a ‘closest system’ by using 25,5, %,—2, 
Z-9,. and Z_»,-»; but how is the sixteenth constant to be settled? 
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and the row-interpolation will be 
20> $ (42,1 Se 42, SS yor Boseca)s 
while the bi-variate interpolation is: 
2o,0 =F (Qe, ot 2220 + 2eo1 + 22, 1 — 1 — %,—1 — Sa, — 2-41) -- (XVI). 
Extract from table of double entry : 
°344,5302 
350,8995 °3852,7795 355,587] 
*356,5010. 730 1;2083 2o0 °361,3191 °364,2998 
“362,0547 -368,5239 -365,7144 
°367,2190, 
2,» = '358,8579 from direct calculation, 
%,y = '358,9107 from column-interpolation, A = + 528, 
2,9 = 358,8755 from row-interpolation, A = + 176, 
‘358,8515 from bi-variate interpolation, A = — 64. 

Thus the bi-variate interpolation is seen to be about three times as good 
as the row and about eight times as good as the column-interpolation. 
The uni-variate interpolations are both in excess and differ so considerably 
from each other that the computer would be somewhat at a loss to choose 
between them and might average their value with the result that he would 
be worse than his better value. On the other hand he might select the — 
row-interpolation because the differences are smaller. He would still have 
a result considerably worse than that from the bi-variate system. 


Il 


20,0 


General Mid-point Central Difference Formulae. 

Thus far we have been dealing with mid-panel or even number of points 
interpolation central difference formulae. We will now turn to mid-point or 
odd number of points central difference formulae. If we put 6=1-—6, and 
write down the general expression for the uni-variate central difference 
formula for the mid-panel z to z,, then write down the same expression for 
the mid-panel z, to z_, changing the sign of @, we obtain by taking the mean 
of the two results: 


29 = Zy + $0 (2, — 24) a $O°6°2, 
— 74,0 — &) (8&2, — &z_) es 3 6? (1 — 6°) 842, 
+ 3479 1 — &) (4 — @) (dz, — 642) + why O (1 — 0) (4 — 6) 852, 
6(1—-@)(4-—0)(9—@ 
NN (Be, — 25) — geben Cl — (4 — OVO) Ore 
“neues “ete. 
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The terms actually written out give an expression true to eighth differences, or 
from the Lagrangian standpoint an eighth order parabola passing through the 
nine points 2, 24;, 242,243,244. If we include only the first two lines we have 
a parabola of the fourth order passing through the five points %, 241, 242. We 
have thus a central difference formula corresponding to an odd number of 
points, or an even order Lagrangian. The usual central difference formula 
corresponds to an odd order Lagrangian and the use always of an even number 
of points. It is true that this formula has a disadvantage over the usual 
central difference formula, in that it compels us to use three entries and their 
differences, but it is usually more exact in the immediate neighbourhood of a 
point to the mid-panel central difference formula. We can speak of it as a 
mid-point central difference formula. 


It is of course feasible to get rid of one of the three sets of differences, but 
we must retain the three fundamental table entries. Naturally to keep the 
formula symmetrical we should get rid of the z, differences. For example the 
mid-point central difference formula true to sixth differences, 1.e. corresponding 
to the Lagrangian through seven points, is 

Zp = % (1 — 6°) (1— 46) (1 — 4, 6%) 
+2, 4014+80@)24+4){1+40-9(8+ 4 (5 —-9@)} 
—z,t00-@ (2-84) {1+40 +4 8-4) (54 8)} 
— 3459 (1 — &) (2 + 8) (8. +. 0) (5 — 8) &z, — (2 — 8) (38 — 8) (5 + 8) &z_,} 


We now see the advantages of such a formula. Using fourth differences only 
of two entries, but three fundamental entries, we are correct up to and 
including sixth order differences. The usual central difference formula (mid- 
panel) using fourth differences of two entries, but two fundamental entries 
only, is only correct up to and including fifth order differences. The dis- 
advantage of such a mid-point central difference formula is the increased 
complexity of the 0-coefticients. This would be of small importance if they 
were once tabulated, but we should need to be assured of the advantages of 
the formula being considerable before undertaking the labour requisite to 
compute them. 

Up to and including fourth order differences we can throw the formula 
into a form involving only second order differences, namely : 


2) = & (1 — 6) (1— 46") + 50 (1 + 8) (24+ 8) (3 — 8) z, 
— ty (1 — 0) (2 — 0) (3 + 0) 24 
EF GO ZE Ose (2 OVOP) ora (xx), 


26 ON THE CONSTRUCTION OF TABLES 


Hence by substituting for the remaining differences we reach, as we might 
anticipate, the 5-point Lagrangian : 
=+(1— @&) (4— @)2,4+40(14+ 0) (4-— @)24,-t0(1- 80) (4-—©@) z, 
— 49 (1 — &)(2 4+ 0) 24+ 56 (1 — 0) (2— 0) 2_..... ...(Xx1). 
There are clearly many forms in which such formulae may be written down, 
and their value will depend on (1) the number of central differences provided 
with the table, and (11) the tabling of the @-coefficients, or their relative 
simplicity. 
Perhaps the simplest form for deducing a bi-variate mid-point central 
difference formula true up to and including fourth differences is to start from* : 
Z=2(1-6)+40(14+0)24,-s001-Az, 
— 750 (1 — @) (82, — 82_,) — 3 (1 — 6) Oz... 
This leads to 
San =e, = OF) Be +6)4,,-40(01 -4) 2, 
gO (1 — &) (82, — 821, x) — gg (1 — @) 542, ,, 
where we have to eee: 
9, = 2,0 1— x) + 2x (1 +X) 241 - 3X CL — x) 20,—1 
eX APO os = "0 2023) = ey, ye za 
Ay =ao1l—y)+exd+yari-tvd—-y)a— 
= eX (bX) (Ont 10 ei) ig ye a) Oe 
Geiger) ota Yate yi) ere 
=7aX (I (ee ‘t= 6724, eS) ae ye x”) 542 _1 9- 
es substitution we find : 
Zo, = (1 — ®) 1 — x7) 0+ $x (1 — ©) {1 + x) a, — (1 — x) 4, -a} 
+ 30(1—y?’) {1 + 4) 4.-(1— 8) 21,9} 
4: 74% {1 SO) Mt) gt la x) é,4|—U—6) [+ x) Z4,-( = pg Pe bi 
ay (1 — x”) (1 — 8) 1x (82,1 — 8225, 1) + A (81,0 — 5°2_1,0)} 
- a8 (1 — x) (2. + 8) (6%, — 872, 1) — (1 — 8) (672_, , — 82z_,, _,)} 
gan il — 0) (4 y) O21 0 2a) x) (84,4 — P24,)} 
- Be (1 — x”) {1 + @) 842, 9 — (1 — 8) 8%42_, of 
aa bake (1 10?) (Vary) oie — (ey) Biz, =) 
oy (1 — &) 1 — yx”) {8420.9 + 075425, o} 
+ ee (1 — x?) (1 — 6) (8962, , — 8°52, _, — 6°O2_, , + 0°6%2_, ,} ...(xxii). 
* See Tract No. II, p. 20. 
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(viii) 
e) O \e) 
Zo 1 Zo.0 Zo,—] 


Zi, ZEN Zi, 0 Zy=1 Lee 
at eee 
{ 
Oo O19 ; Oo O 
Zo, 2 Zo.1 | Zo, 0 J Zo, -1 Zo, —2 


Z 91 Z-9,0 Z-», -} 


The sextic (xxi1) passes through the 21 points given in the above scheme. 
The points zi2,4. are not included unless we include higher order terms. 
Again, the last term written down is of the sixth order of differences and may 
usually be neglected, the sextic will still pass through the 21 points. 


Also terms like 8’z,,— 54z_,, and 54z, , — 642, _, are of the fifth difference 

order, and may often be neglected. Further since 

SZ pH O82 4 5 = 28 Mua + 8 4S%Ze. 0, 

84203 a 842,41 = 28425, 4 at 61372), 0; 
we may reduce the fourth difference terms to 

— ox? (1 — yx?) 8820, — gig O? (1 — 8B?) S425,9 «2 eee eee eee (xxill). 

When this is done the sextic no longer passes accurately through 2, 2,5, 
Ze 3) 2-31; 2-2-3) 2-4,-s» Zi,-2> 22-1, DUt in most cases- wherein 16 18 adequate 
to go to fourth differences, the replacing of the fourth order terms of (xxii) by 
(xxiii) gives any interpolate within the circumpoint square to the required 
number of figures. There are many forms in which the result can be given. 
Thus we may write the apparent first order terms, 1e. the first three lines of 
(xxii) as: 


2,0 + $X (20,1 — 20,1) + $8 (2,0 — 21,0) + FOX (A,r — 41,1 — 241 + 2,2) 
+ 4p (8729, — 82, 1) + FOX? (87%, — 672_1,0) 
+ $y? (1 — 36) 8%. + $0 (1 — Fy’) 820, 
Fak O77 (0704, g 10725, p00, 1 + O'S, 4) nentesacntaenec esp cerq ens (xxiv), 
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and the apparent second order terms of (xxii), i.e. the fourth, fifth and sixth 
lines as 
— gx (1 — 7) (82%,1 — 820, 1) — qe 8 (1 — ) (6221, — O21, 0) 

— Oy (1 — 6) (8,1 — 82, — 8241 + 821) 

— A Oy (1 — 7?) (82,1 — 8%, 4 — 8241 + 8244) 

— 3 Oy (1 — x”) 8S? (2,1 — Zo, 1) 

oh, Oy? (Ti 07).090? (27) = Se) ene eeco ene eee eee (xxv). 
Here the last two terms of (xxv) are fifth order and may be omitted; the two 
preceding lines are fourth order, and the first line is third order, or we realise 
that the apparent second order terms really contribute nothing to the second 
order formula. 

Adding all our results together we obtain a quartic with very simple 0, x 

coefficients which passes through the 13 points: 


(1x) 


O 

220 
O O e) 
Z, 1 Za 0 Z, —1 


Zo, 2 Zon Zo, 0 Zo, —1 Zo, -2 
7 


and very close to eight more. 
Its form is: 
26,5 = Z,0+ 2X (40,1 aa %o,-1) 8 20 (41,0 — 21,0) ar 40x (41,1 ste Mae =) 

A 2X” dd a 3°) 8°20, oF 30° qd ae 3X’) 87Zo, 0 
“9 Py? (67210 oF 077-5. ar O22 ; + 872-1) 

+d Oy (82,1 — 072,21) + FOX? (622, 6 — 072, 0) 

= Fox C1 — x7) (8%0,1 — 8720, -1) — qe OL — ) (84,9 — S°2_1,0) 

Soy Oy qd a x’) (6721 = 0 pa me O72 44 a he Far 

— Pp Ox (1 — 8) (82,1 — 821, — O24, + Oe, 1) 

Sa (Ly) 0 Sigma mR) Ong cn es eee ee eee (xxvi). 
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The first three lines give the mid-point central difference formula up to 
second difference terms; the first five lines give it up to third order differences, 
and, when the remaining three lines are added in, we have the formula up 
to fourth order difference terms. While involving more differences of the 
second order than the mid-panel formula it has the advantage of freedom 
from the cross differences, which only appear as fifth order terms, while they 
appear as fourth order terms in the mid-panel formula. 


The reader must be singularly cautious in dealing with multi-variate 
tables to ascertain that interpolation to fourth order differences is really ade- 
quate. The fact that greatly increased argument-ranges are usually requisite 
in multi-variate tables when compared with uni-variate tables, emphasises the 
caution needful. In order to be sure that a fourth order difference formula 
will suffice, it may be needful to examine not only the size of the fifth order 
difference terms, but those of the sixth order as well, because it may happen 
that odd order are more influential than even order differences ; or conversely 
if we propose to stop at the fifth order, the seventh may be more important 
than the sixth order terms. This will be illustrated in the example which 
follows. 


It may therefore be of service to write down the complete value of the 
mid-point central difference formula up to and including seventh order terms : 


26,x = 20+ $X (401 — 2-1) + $9 (21,0 — 21,0) Ist 
+4 Oy (21,1 — 21,1 — Fay + 24-1) | order 
+44°7(1-4) 8729 + $07 (1 — dy”) 02%, ond 
t+ FO y? (82219 + 0721, 9 + 8%, + 672, 1) | order 

+ 4 Oy (82,1 — 872, 1) + F Ox? (8%, — 82_1 0) 8rd 
— 0 (1 — 6) (02219 — O20) — pax C1 — x”) (67%0,1 — 87%, 1) | order 
— p Oy (1 — 6) (21,1) — 82, — O21. + O24, 4) ia: 
f / 79 / v7 \ Atl 
Oy ay (8 = 0, — O82, y+ 8874S) Poe 
— 1 (1 ars @) O56 — 5x71 — 47) O25 0 ss ; 


— pg Py (1 — &) (842, — 842, 1) — pg Oy? (1 — x”) (8421, 9 — 8424, 0)9 
+ hy 4 (1 — ©) (4 — &) (8421, — S421, 0) 

Fok Alay a x2) (8'42,1 — 8 Z,—1) ie 

tr Oy? (1 — &) (876221, — 8°6?z_, 5) 

— dp Oy (1 — x?) (6°62,1 — 6°52, 1) S 
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zhy (1 — 0) (4 — 8") 8°20 9 + zhao’ (1 - x) (4 — x”) 8,0 9 
— pg Oy? (1 — 67) 64529 9 — pg Oy? (1 — x?) 678425, 9 


ah ay Oy,(1 — 6) (1 —y?) (86 22,, 1 — 6°62, _, — 8°82z_, , + 6°52, ,) Hes: 
+ qhy Oy (1 — 6) (4 — 6?) (62,1 — 842, 4 — S42, + 8424, 4) 
+ zhy Ox (1 — x?) (4 — x?) (84411 — 842, 4 — 04241 + O42_, 4) J 
+ zag Ox (1 — 6) (4 — A) (62,1 — 58%, 1) 5 
+ a0 OX bX) Gy) (Oe 0 aa) 
~ vated (1 — 6) (4 — 6) (9 — 6%) (8%, — 8°24, 9) 
rooso x (1 — x7) (4 — x7) (9 — x?) (62,1 — 82, 1) 7th 
+ ohg Oy (1 — 67) (1 — x”) (64822, — 8452, 1) order 
+ 5h Oy? (1 — 6) (1 — x) (8842, — 8842_4, 0) 
+ hy Ox? (1 — 0) (4 — 6°) (882, 9 -- 5482_, 0) 
+ hy x, (1 = 32) (4 = 2) (8°84. — 828, 2) J 
eaphth orderterniged.2trsinigoe dues eet ae ene ks aes (xxvil). 


We will take as an illustration entries at double argument intervals from 
a table which at single argument intervals can be adequately interpolated by 
use of fourth order centrai differences. The essential part of the table is the 
following (see p. 12): 


S22), —1 21,0 21,1 
Entries 845,1570 837, 0194 -§28,6415 
pg — 75190 — 77209 — 79075 
aie — 2437 — 2403 — 2364 
2 OF 1563 1916 2294 
84 6 4 8 
oso 143 153 172 

%o,-1 ~0,0 @0,1 
Entries 879,383065 872,8127 ‘866,0736 
On — 66001 — 68293 — 70500 
a oO — 2217 = 2213 — 2201 
2 §4 452 706 972 
a 644 4 8 — 2 
ose 74 85 90 

Cel 1,0 “4,1 
Entries -906,9039 -901,7767 *896,4557 
2 > — 56360 — 58671 — 60953 
Oe — 1923 — 1938 —- 1948 
a SF - 151 39 
ws 64 -— 1 5S 3 
Q 66? 19 29 42 
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The rapid fall and change of sign of in this region of the table combined 
with the large argument-ranges makes the interpolation of interest. 
Using the formula (xxii) on p. 26 we find, for @= y=, 
Zon, 5 = °885,1152. 
Using the formula (xxvi) on p. 28 we find 
Zowey = 880,1153, 
or there is little advantage in the longer over the more approximate formula. 


As both the above formulae practically agree while the mid-panel formula 
gives 
205,05 = 885,1142, 
it is clear that our neglect in the former cases of fifth order difference terms 
is the source of our comparative failure. 


Now taking formula (xxvii) on p. 29 and noting the successive approxima- 
tions as we take more and more terms we have: 


‘885,6878(00), 


I 


Up to first order terms: 25, o5 


» second e 2e5,06 = 885,1858(14), 
, third ; Zs, 5 = °885,1152(27), 
» -tourth* So 25,05 = °885,1152(99), 
pee ten : Zs, or5 = 885,1140(24), 
ol MSE EE . Zo-5, 05 = 885,1140(24), 
» seventh a Zs, 9-5 = °885,1139(67). 


The directly computed value is 885,1140. It will thus be clear that it was 
needful to include the fifth order terms, but that the sixth and seventh order 
make no real modification to our seven decimal places. As we might antici- 
pate, the mid-point formula to the same degree of approximation gives slightly 
better results than the mid-panel formula, for it coincides with the computed 


value. 

We conclude that whenever fifth order differences are negligible mid-point 
central difference formulae will give satisfactory results, and if a bi-variate 
table bas small enough argument intervals to justify fourth difference inter- 
polation, then we can escape the necessity of tabling 65” differences if we 
use a mid-point and not a mid-panel interpolation. 


* This includes the terms in >; 0x (1 — 62) and », 6x (1— x?) which are really fifth order terms, 
i.e. diagonal differences. 


oa 
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On the other hand it is quite easy to write the mid-point interpolation - 
formula (xxvii) of p. 29 up to and including fifth order terms without cross 
differences. It runs as follows: 

20,7 = 2,0 t EX Cui - 2,2) +49 Ga 2a) + TON Gr — 4a — aa ee 
+ dy? (1 — $0) 82,9 + 5 (1 — $x’) 0720, 
+ hO 7 (0221, 9 + 02219 + 8°01 + 07%, 1) 
+ FP (8%, 1 — 82,1) + $Oy? (62 21,9 — 824.0) 
cm 0 d —O (1 — x?) (8%, 0—O'2 1,0) —FeX(1 —@)(1 —)(6%Zo1— 5°25, -1) 
— 2 Oy (1 — &) {1 + x) (84,1 — 8241) — 1 — x) (Pa, — 21,4)} 
ag OL — yl Oy 02a g =O eye) — C1 = 0) Oys5 0 Zee, 
— Fe Py (1 — 6) (842),1 — 842, 4) — pg Ox? (1 — yx) (84%, 9 — 8424, 0) 
+ 5450 (1 — 0) (4 — @) (842, 5 — 642_4, 0) 
+ gig X(l— x") (A= x7) (0%, = 8%, a) 


SUC eae say Me ae Raraait a TAN ee na ion cae ea eee ee (XXVll1). 


On Semi-Lagrangian Bi-variate Interpolation. 


We have seen that in uni-variate interpolation a high order parabola is 
taken, say of the nth order 


Y = Co HOB + Cok? +... + Cn ™, 


and that this is made to pass through the (n+1) nearest points, n even 
corresponds to a mid-point n odd to a mid-panel formula. The method is 
cumbersome, as it does not show by expression in differences the degree of 
approximation. It has advantages when the tabular intervals are not equal. | 
We have further seen that when we take bi-variate interpolation—although 
it is quite possible to write down the extension of the Lagrangian formula to 
two dimensions—it will not directly give a ‘dyadic*’ of the lowest possible 
order passing through the chosen group of nearest points. The dyadics under 
consideration have for available constants : 


Plane 3 Sextic 28 
Quadric 6 Septenic 36 
Cubic 10 Octic 45 
Quartie” 915 Nonic 55 
Quintic 21 Decic 66 


* J propose to call a surface in two dimensions in which z is given by integer powers of 
x and y a dyadic. 
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and this represents theoretically the number of points through which they 
can be made to pass. The number of nearest points are: 


Mid-panel system Mid-point system 


4, 5 
iL 0) 
16 ites 
24 21 
32 25 
4.4, 29 
ay. 37 
60 45 


34 ON THE CONSTRUCTION OF TABLES 


Now it will be observed that in only two cases, both in the mid-point 
system, do the number of nearest point systems agree with the number of 
constants in a dyadic, namely in the case of the quintic and the octic. But it 
is impossible to take a quintic through the 21 nearest points on a rectangular 
net-work unless there be a very definite relation among the ordinates (Le. 

(x1) 
® @ 


@ e @ e@ @ 8 6 
table entries). A like failure occurs in the case of an octic when we try to 
take it through the 45 nearest points of the mid-point system*. But if it 
could be taken it would not be of service for practical purposes, as the 
differences involved are too many for practical interpolation. 

If we suppose n points of which the coordinates of the sth are 2,, ds, bs, 
we can at once generalise the Lagrangian and write 
= g (@ — M) (@ — Me) ... (@ — An) (y — br) (y— be) «.. (y — bn) 2s 
Ge bs) (Qs — Gy) (ig — A) .. - (@g — An) (bs — by) (bs — be)... (Bs — Bn) ” 
* When the required relations between the z’s hold then the quintic and the octic become 
incompletely determined by the corresponding ‘ nearest point’ systems. 
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This is a dyadic of order 2n — 2. For example if we take the 45 nearest points 
of a mid-point system, this dyadic would be of the 88th order, but theoretically 
an octic with 45 constants is adequate. In proceeding to the 88th order we 
have selected only certain terms, neglecting others in an apparently arbitrary 
manner. Now let us suppose our points form a square in rectangular net-work 
with m values of # and n values of y. Each term of the n® point system must 
- contain (n—1)a and (n—1) y factors, and our dyadic will be of the (n—1) 
order. For example consider a square of the 7 x 7 form or 49 points. This 
will as above require a dyadic of the 36 order. But if an octie will go through 
45 points, and a nonic through 55, it appears arbitrary to use certain terms 
of the 36ic for 49 points. 


- The non-fitting in the number of constants in the dyadic with the number 
of nearest points suggests another method of reaching what we may term 
Semi-Lagrangian bi-variate interpolation formulae. We cannot take a dyadic 
through more points 7 than its order m, we therefore take it through fewer 
points, p, and so use p of its constants; we have m — p of its constants still to 
use. We select the values of these so as to give the ‘best fit’ to n —p more 
points lying on the next ring or on the next two rings. The method used 
will be that of least squares. A dyadic of the mth order which passes through 
p nearest points (< m) and is the best fit to n—p next nearest points, 
I accordingly propose to term a Semi-Lagrangian. 


It may be suggested that if we take two rings of best fitted points we 
ought to weight these rings with their distances from the area of interpola- 
tion, but we shall only use two rings when first the points on them to a 
certain extent supplement each other, and secondly when the rings are so 
close that within the area of interpolation some points on the outer ring may 
be closer to the interpolate than some points on the inner ring. Under the 
circumstances we believe that weighting would be of little effect or even 
prejudicial ; to be at all correct it would have to vary from point to point as 
a function of the position of the interpolate. 


We will first take two illustrations of Semi-Lagrangians : 


(i) A quartic for the mid-point 21-point system. The quartic is taken 
through the nine-point system and its remaining six constants are determined 
so that the quartic shall be the closest fit to the additional 12 points of the next 
two rings of points (see Diagram (x1)). These rings contain respectively four and 
eight points and their radii are in the ratio of 2 to 2°236, while the adjacent 
rings have radii of 1414 and 2°828 respectively; the intervals are therefore 

3—2 
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roughly 6, ‘2 and °6, or it is desirable to keep the 2 and 2°236 rings together. 
The diagram indicates how the eight points on the outer ring effectually 
supplement the four points on the inner ring, where the latter are least 
effectual in determining the form of the surface. 


(ii) A quintic for the mid-panel system of 24 points. This was taken 
through the 12 points of the first two rings (see Diagram (x)), leaving nine 
disposable constants. These constants were then chosen so as to give the best 
fit to the 12 additional points on the next two rings. The points on these 
rings supplement each other, but it would be needful to take another ring 
with 8 points on it into account—and this did not seem advisable—to get a 
marked change in radii on either side the best fitted point group. The radii 
are in the proportions: 

1414, 3162, 4248, 5:099, 5831, 7-071, 


—_——-—+—__- eS 


Points on surface Best fitted points 


showing intervals of: 

1755 1:08, ‘86, We) 1:24, 
so that the points on the 4248, 5099 and 5831 circles naturally group 
together, but nine available constants seemed too few for 20 points to be at 


all closely fitted. 
Mid-point Sema-Lagrangian Quartic. 


(i) In the case of the quartic for the mid-point Semi-Lagrangian, the full 
quartic was written down with its 15 constants and these were determined by 
least squares subject to the conditions that the quartic should pass through 
the 9 points. When the final result was reached, however, it was realised that 
a quicker process would lead to precisely the same result because the terms 
up to the cubic order were absolutely identical with those of the general mid- 
point interpolation formula (xxvii) of our p. 29. We can therefore take this as 
the quadric through the nine points of the first two rings and supplement it by 
terms in 6, y of not higher than the fourth order, which are of such a form 
that their sum vanishes at the nine internal points. The required quartic is 
accordingly : 

20 2 Or 4x (21 — &, <i) te $0 (21,0 card 21,0) = 4 0y (23 Se Re aa Z4,-1) 
+ by? (1 — $6") 80,0 +46" (1 — by’) Bea, 
+ AO y? (822, 9 + 02219 + 6220,1 + 0720,—) 
+ 4 Oy (82,1 — 8%, 1) + Ox? (6221,9 — 872 4,0) 
— $90 (1 — &) (a, + a28 + asx) — bx (1 — x) (Gy + O59 + Oe x). 
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Here ay, de, dz, Ay, Us, dg are to be determined by the method of least squares 
from the equations which result when we substitute the twelve points on the 
two outer rings for z,. We find after some reductions: 


y= 0.¢0= 2: — 82,5 + 8% 0+ a + 2a, = 0, 

y= 0,0=—2: + 824) — 84,0 +  — 2a, = 0, 

Wesel G= 2: — 82, + 8% +a, + 2a, +a; =0, 

y= 1,0=-2: + 8211 — 84,1 + a — 2a, + a; = 0, 
ve —1d= 2: — 62, + 8% 1+ a + 2a, —a;=0, 
y=—1,0=—-2: + 8?2_,, -) — 8%, _1 + G — 2a, — a, = 0. 


Squaring these results and adding the squares of them, we differentiate 
respectively with regard to a, ds, ds and find the resulting equations give at 
once @,,@ and a;. We have: 


A, = § (8S 2Z,,) — 85 2z_1,0) + $ (O°%1,0 — O°2_1,0), 
An = $842 0,9 + py O482Z 0, 
On 4 (07,7 — 0%, 7 — 02 41 0S, 4). 
A precisely similar process provides 
Oy = 4 (0°52, 1 — 07822), _1) + $ (822, — 8%, 4), 
Os = 4 (6725 — 872_,, — 074, 7 + 82_1, 1), 
Ug = 40 425, 9 + 7h 0 407% 0. 
We can now write down our mid-point quartic Semi-Lagrangian, and the 
reader is asked to compare it line by line with the formula on p. 29: 
20, x= 20,0 FFX (0,1 — 2,1) + $8 (41,0 — 21,0) 
+ 40y (411 — 4-1 — 211 + 21,1) 
+ 4x? (1 — $0) 8225. + $O (1 — $y’) 82,0 
+ LO? (622, 9 + 87249 + 8% ,1 + 87%, -1) 
+ FO (8% 0,1 — 82,1) + ZOY? (874, 0 — 872 1,0) 
— yO (1 — 6") (821, — 8°2 1,0) — tex CL — 7) (8%20,1 — 8720, -1) 
— fp Oy (1 — A) (C211 — 8, — O21 + 24,1) 
— 7x9 (1 — x’) (82211 — 82_1,1 — 84,1 + 8724, 4) 
— gO? (1 — 6°) 8420,0— dex? (1 — 7) 82,0 
— JO (1 — 6°) (89822, 9 — 8°S22_1,0) — dg x, (CL — x?) (898220, 1 — 8°8'220, 1) 
— gO? (1 — 82) 848220, 9 — ae x? (1 — 7) 87882 0,0 cree ere teee ee eeees (xxix). 
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We started with agreement in the first and second order terms and the first 
line of the third order terms. Our least square process gives the second line of 
the third order terms and all the fourth order terms absolutely identical in 
value with those of the fundamental formula. Of the fifth order terms it 
preserves only those with cross differences (678), replacing 3, 0@y? (1 — @) and 
tz Py (1 — x”) by a 8 (1 — &) and + y (1 — x”) respectively. 

In the sixth order terms it retains only those with cross differences of 2,0, 
replacing the coefficients 74 6x? (1 — 6”) and 7, 6?x? (1— x?) by 7,0? (1— @) and 
wrx’ (1 — x) respectively. Thus we should gain nothing by this mid-point 
Semi-Lagrangian if we stopped at the fourth order terms. But it does show us 
that as far as fourth order terms are concerned the general formula not only 
passes through the nine nearest points, but is the best fit to 12 additional 
points. 


The fifth and sixth order terms are greatly simplified by the Semi- 
Lagrangian process, but it will always be a question in any special case, if we 
have to go to fifth and sixth order terms, whether these simplified values are 
really adequate. 

Mid-panel Senr-Lagrangian Quantic. 

(11) In the case of the quintic for the mid-panel Semi-Lagrangian, we start 
with the first three lines of the formula (iv) on p. 8 and add to it the requisite 
terms not higher than the fifth order which vanish at the 12 points through 
which the quintic is to pass. Thus we start with: 
26x = PW 2,0 + PX 20,1 + OWA + OKA 

—$ZOp (1 + h) (Yr8%Z0,0 + X8*%2o,1) + (1 + 8) (WO%e1,0 + XO*%,1)} 

— ky (1 + Wr) ($872 ,0 + 087%,0) + (1 + X) (87% ,1 + 082,,1)} 

+ ggOh (1+ 0)(1 +) (4 + 28 + xX) 

+ LObxW (C,+ 650 + 6X) 

tex (LAX) LAW) (G+ C39 + Cox) ccvsccesececncee renee (xxx), 
where the c’s are to be determined so that the quintic fits best to the next 
nearest 12 points. 

Proceeding exactly as before we find three sets, each of four equations, to 
determine the c’s. These are 
— 64%), 9 +0 — 2c, = 0, — 867% + 6- 6 — = hee 8429, + Cy — 2c =0, 

— 62, .+4+3¢,=0, — 8°62,» +0,—2¢;— c= 0, — 04%,.+ ¢, + 8e, =0, 
— 61 +6, — 20+ ¢;=0, — 8822, +6,— ¢; —20,=0, — 842, 94+ C+ Cs— 2¢,=0, 
— 842, +6, +3¢.+ ¢;=0, — 89672, + ¢,+ 26; + 2¢,=0, — 842, 14+ C+ Og+ 8e,=0. 
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Hence by least squares we find: 
= gly (1184%, 9 + 9842,,, + S42, — 8421), 
C2 = zy alles 54%, qr 842, ots 545, i+ 42, a) 


g=Fe(- 842,59 — 842, 9 + 642, + 54z,1), 

Cy = zy (58°82), + 36°62, 9 + 38°62, + 6°S2,,1), 
Cs = $ (— 867% 5+ 87572, — 8S z,, + 8°82,,1), 
Co=$ (— 86% 0 — 878%, 9 + 8°52, + 5°S72,,1), 


Cr = gy (11842), + 9542, + 842, 9 — 8'42,,1), 
Cg= $F (— 0449 — 8 42,1 + O4%4,0 + 842,13), 
Cy = By (— 842,09 + 84% ,1 — 842,9 + 8421). 
Hence, remembering sn: 6+o¢=1, x+ W=1, we reach for our Semi- 
Lagrangian quintic: 


26x = PW2 0+ OX 2,1 + OWA, o + ONA1 
— $Op {1 + h) (82,0 + HO7Z0,1) + 1 + A) (WOz, 0 + XO'A,1)} 
— EX (CL + He) (Gd%o, 0 + O5721,0) +1 + x) ($8%24,1 + 0872;,1)} 
+ 74596 (1 + 6) (1 + ) {(26 + 10W — 1) 84%, + (20 + 10W — 1) 8%z,,, 
+ (2h + 10y — 1) d44,1 + (28 + 10y — 1) d4z, 1} 
+ ge Ody {[(1 + 2p + 2p) 852259 + (1 + 2p + 2y) 8°72), 
+ (1+ 26 + 2) 8522, 9+ (1 + 20 + 2y) 6762, ,} 


+ ghovwy (1+ x) (1 + W) (2h + 106 — 1) 84%, + (2x + 106 — 1) 842; 
+ (2p + 100 — 1) 62,5 + (2y +100 — 1) 8%z,,} ...(xxxi). 


If we take the mid-point of the centre panel, i.e. 0=¢=y=W=H, the 
present formula coincides with the general formula (iv) on p. 8, up to but not 
including terms involving differences of the sixth order. But unlike the mid- 
point Semi-Lagrangian Quartic, the terms up to the fifth order are not the 
same in the fundamental and least square formulae. Further, if we exclude 
sixth order difference terms, our present Semi-Lagrangian is no improvement in 
simplicity on the fundamental formula of p. 8. It is thus of no greater ease 
in computation. What then is the difference between the two? Why, the 
fundamental formula is a se#tic passing through the 24 points, while the 
Semi-Lagrangian is a quintic passing through 12 of the points and the best 
fit to the remaining 12 through which the sextic actually passes. Is there 
any theoretica] reason why a dyadic of lower order should give ceteris paribus 
a better interpolation than one of higher order? The question might possibly 
be best answered by considering the corresponding problem in uni-variate 
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interpolation: Is there a priort any reason, if we are going to use five points 
for interpolation, why 

Y = CoA Ch + Cok? + C,H? + 6,004 
should give a better result than 

Y =CoA CU + 6,2? + C424 + C50", 
where the 2 or any other term is omitted and we introduce an additional 
power? The true answer may lie in the nature of the function to be inter- 
polated. Or, can we say that that interpolating curve (or surface) will be as a 
rule a priori better in which only the highest differences or differentials are ab 
initio determined? Ifsuch a principle could be established then we might have a 
theoretical ground for preferringaSemi-Lagrangian quartic or quintic to dyadics 
of higher order which actually pass through a larger number of nearest points. 


Comparison in the case of Bi-variate Interpolation of results of 
Uni-variate Interpolation and ‘nearest points’ Interpolation. 

Another matter is also again brought under consideration by the discussion 
of Semi-Lagrangians. 

Let us put y = 0, or interpolate on the w-axis. The mid-point formula of 
p. 29 reduces to 

29,0 = 2,0 + $9 (41,0 — 21,0) + $076%%o, 9 — ze (1 — A) (82,9 — 8°2_1 0) 
— 36? (1 — @) S42) 0 + gty 9 (1 — &) (4 — @) (6441,0 — 5*21,0), 

in other words it becomes uni-variate and involves only points on the z-axis. 

The Semi-Lagrangian quartic, however, gives us 

29,0 = 20,0 + $9 (21,0 — 2-10) + $ PO ,0 — 59 (A — &) (821) — 822_4,0) 
— 38 (1 — &) 84255 — oy (1 — &) (0822, — 8°5'2z_, 0) 
— bP (1 — &) 4822, 4, 

and the operator 6 means that we interpolate not only by aid of points on 
the axis of w, but of points on the adjacent columns y = 1 and y =— 1 as well. 
In other words the comparative value of the general mid-point formula and 
the Semi-Lagrangian raises again the question of whether it is best to use 
points on one section, or nearest points. The general mid-point formula on 
the axis of # involves the use of the points 2.5, 20,0, 21,0) 20,0) 2-1,0) 22,09 LP 
~ The Semi-Lagrangian does not use the more distant z;, and z_;, but the 15 
points, five to each column 


421, 1,15 2,15 2_1,1) 22,15 
22,0, *yos Zo, 09 24,05 22,05 


43-i5. 41,1) 0y—19) P= -1y) 2, a 
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In the same manner, when y = 0, the mid-panel general formula (iv) of p. 8 
becomes: 


26,0 = PZ, + 21,0 — FOG {(1 + h) 8%, + (1 + A) &z, 9} 
+ hp 9b (1 + 0) (1 + f+) {(2 + f) 8425.) + (2 + O) S424, 9} + ..., 

and involves the six points on the section y = 0, namely 

LR Rs a Se ae 
But the semi-Lagrangian quintic is: 

26,0 = P2,0 + G21, — FO (1 + p) 8a, 9 + (1 + A) &z,,o} 

+ ghy OG (1 + A) (1+ ) (9 + 2p) 342. + (9 + 24) S424, 
+ (gh — @) (8421 — 544, 1)}. 


It therefore involves not only 22,5, 22,9, 21,0) 20,0, 21,05 a5, but also 2,3, 2.5, 
Ar» 2,1) 22,1) 221. It thus involves two columns of six points. It is 
conceivable that this use of side row points may give certain advantages to 
the Semi-Lagrangian. As a matter of fact if we were interpolating on the 
boundary (vy =0) we should certainly take the mean of two Semi-Lagrangians, 
Le. that for mid-panel 21, 20,0, 4,0, %,-. a8 well as that for mid-panel 
Buoy Fi. dy Fat) 20,1 , Thus we should use also the points 


lye 11 <1 1) SOs 
or three columns of six points each. 


These points would of course occur only in fourth and fifth order 
differences, and the Semi-Lagrangian Quintic may not give them with the best 
possible numerical factors, yet these Semi-Lagrangians again raise the question 
of whether good interpolating formulae for bi-variate functions ought to be 
deduced directly from uni-variate formulae since such deduction invariably 
leads to the re-appearance of uni-variate formulae along the axes, and so 
contradicts the axiom that we ought to use the nearest points in inter- 
polation. The formulae given in this part of our tract for bi-variate inter- 
polation we know by experience to give adequate accuracy. But it cannot 
be said that the question of whether n points in a uni-variate section will 
give a better or worse result than the m nearest points has been elucidated, 
and it is to be hoped that it will receive more complete treatment from some 
mathematician by profession. 


Let us illustrate our Semi-Lagrangians on the example of p. 30. Down 
to the fourth order terms both are in perfect agreement and give 


Zs, 5 = 885,1152 (99). 
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But while the fifth order terms in the fundamental mid-point formula 
reduce this value by 12 (75) to the correct ‘885,1140 of direct computation 
and sixth and seventh order terms do not modify the result, the mid-panel 
Semi-Lagrangian raises this value by 1 (13) for its fifth order terms and leaves 
it unmodified by its sixth order terms. Thus the Semi-Lagrangian fails 
precisely in the terms where it differs from and abbreviates the fundamental 
formula. At the same time it must be recorded that we have taken the 
most unfavourable case possible, i.e. one in which the interpolate is on the 
extreme limit of the area to which the formula applies. 


We will now compare the result obtained by the Semi-Lagrangian Quintic 
with the fundamental mid-panel formula (iv) of p. 8. 


Semi-Lagrangian  Semi-Lagrangian 


Quintic Quartic 
To Ist order *884,2796 (75) -885,6878 (00) 
yy PANE! gy 885, 1131 (66) *885,1858 (14) 
3c ords Ts _ *885,1152 (27) 
» 4th ,, 885, 1141 (87) -885,1152 (99) 
A Oe inn — *885,1153 (12) 


Thus we see that the Semi-Lagrangian Quintic gives the same value, 
°885,1142, as the fundamental mid-panel formula. Further to the second 
order terms both are more correct than the Semi-Lagrangian Quartic or the 
fundamental mid-point formula. To the fourth order terms the quintic is 
more correct appreciably than the quartic. But the most satisfactory result 
is that of the mid-point fundamental formula which is absolutely correct at 
fifth order terms. When we remember that our table intervals in this illus- 
tration are the doubles of the actual table intervals, which were adopted in 
order to use effectively fourth order difference formulae, the results of all 
the formulae cannot be considered as unsatisfactory. In saying this we must 
remind the reader that we have selected a case which tells most in favour of 
the mid-panel formulae, for the point is in the centre of the interpolation 
area, and least in favour of the mid-point formulae, for the point is at the 
very extreme of the interpolation area. The order of the efficiency under 
these circumstances is : 


G)  Mid-point Fundamental Formula. 
(11) jee Fundamental Formula. 
(111) 

(iv) Semi-Lagrangian Mid-point Quartic. 


Semi-Lagrangian Mid-panel Quintic. 
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We cannot assert, merely on the basis of this single illustration, that this 
will always be so, but it has an a priort suggestion of reasonableness about it. 
The success of the Mid-point Fundamental Formula suggested that it would 
be worth trying a Semi-Lagrangian Quintic passing through 18 points and 
using the remaining 8 constants to fit it as closely as possible to the next 
nearest 12 or perhaps 16 points. This we will take as a final illustration of 
Semi-Lagrangian interpolation. 


Mid-point Semi-Lagrangian Quintic. 

We will take this through the 13 nearest points and use our remaining 
8 constants to give the best fit to 16 further- points arranged on the circle 
of 8 and two circles of 4 (see Diagram (xi)). Now if the general dyadic of 
the fifth order in @ and y be written down with its 21 constants and be 
made to be zero at the mid-point and the 12 next nearest its form. is 
found to be: 

2,, = 0x (1 — @) + ¢,6y 1 — x”) + 6,0x (1 — 6") + 60x? (1 — x?) 

+ o,6°y (1 — 42) + oy? (1 — 62) + 6,0 (1 — 0°) (4 — 0) + oy (1 — x2) (4— x’), 
and if this be added to the value of 2, given on p. 28, which corresponds 
to a quartic through the 13 points, we obtain the most general form of the 
quintic through the 13 points with 8 constants to be chosen so as to give 
the best fit to the next nearest 16 points. Accordingly we start with the 
quintic , 

26,x = Z,0+ sy (20,1 — 2o, a)+ 36 (A.6 = 21,0) ar 40x (41 = Bie) GAA Ae a ey 
+ 4x? (1 — 36?) 82,0 + 30? (1 — 3x”) 8°20, 0 
a5 gO7y? (872, o+ 872_+ 9 le 821 =P 8%), 1) 
ar 1@2y (872, = 8°25, =) ip 40? (87% 6 = O72 5.4) 
Ht 5X (1 aoe x) (67255 ~~ 672, =) ee qb0 (1 aed a) (872; 6 ead oz, a) 


— oy Oy (1 — x”) (87411 — 841, -1 — 87241 + OZ ee) 
— Oy (1 — &) (02,1 — 82,1 — P44 + 24,4) 
Sex? (1 — x?) 82,0 — ge? (1 — &) 84%, 0 
+ Oy (1 — 6) (e+ 6:0 + cox) + Ox (1 — x?) (Co + 650 + Ca) 
+ 01 — 6) (4 — 0) + oy (1 —¥2)(4= 92) eee (xxxii), 
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The following are the 16 next nearest points and the resulting equations: 
G= 2, ¥= FL 6 (6, +2c,+ 6) =F (8,1 — 0%, 1 — O24, + 24,1) 
+ 02;,9+ 82,1 — 8241 — 8%, 
O6= 2 y=—-1|-6(44+2-— o)=—4 (C1 — 8%, 4 — 8% 41 + O24, 5) 
at: 8°21, ie 8°), —1 — 02, 4 - 82,0; 
O6=—2, y=4+1 |—6(G— 26,4 %)=—F (841 — 84, a — 82_, + 0% 4) 
“6 0°Z_1,0 a 8° ,1 — OZ_41— 82,0; 
6=-2, y=-1]| 6(4—22e— o%) =F (8%. — 8%, — O24, + 44,3) 
+ 821.9 + O'S, — 824, -1 — OZ ,0, 
O6= l,y= 2| 6(eq+6,+2e)=} (6%, — 5%, —8%% 41 + 67244) 
te 87254 ots 8°24 a 67414 a 5°Z0,03 
@= 1, y=—2 |—6(ce,4 ¢,—2c,) =— 3 (8%, — 872, _, — 824, + 672 4,1) 
ra 672, ta 6%), == 872,41 = 52,0; 
O6=—1, y= 2|—6(G,—0,+ 2¢,) =—4 (8%, — 8%, — 87241 + 04, -1) 
cu 8725, + 67Z_1 = Oe 8% ,03 
O@=—-1, y=-2] 6(c,—¢;— 2c.) =F (0%4,, — 82, — 8241 + 821-1) 
ce 8721 ote 52), =e henry =e 8,0, 


O= 2, y= 2112 fe, 4+ 6.4 2(G, + 0s) + 2 (cy + C)} = 8S? (2,0 — 4,1) 
+ (8? + 8”) {2 (201 + 41,0 — 21,1 — 20,0) 
= 4 (21,1 Sek Ne aa a5 Za 

O= 2, y=—2 (12 {[—c,-—c— 2 (es + 65) +2 (C, + Ce) } = 88? (20,0 — 41, -1) 
ar (& tg 8”) {2 (41,0 iF Zo, —-17— 4,1 eal 20,0) 
= 4 (3 Sie Gar Caen) 

6=-2, y= 2112 {—o,—0,4 2 (e+ 5) — 2 (Gj + &%)} = 89? (Sp,0 — 24,1) 
oF (& uP 5”) {2 (20,1 Sa Za Zo,0) 
=e (41,1 esa ee ot B14) \, 

@=-2, y=—2 |12 [4 +.—2 (65+ 6) — 2 (6, + C¢)} = 88? (2, 9 — 24,4) 

oh (& a 5”) {2 (21,0 EA a ti Loco) 

if 3 (Ae aaa LNs 

d= 3, XS 0 \c,= Ta0 (642, a 8420,0), 

6=—3, x= 01G=—7hy (421, a 84Z9,0); 

P= 0, y= Bles= he (O41 — 0425.0), 

O= 0, Y=—38 | Os=— zhy (6420,-1 — 84%, 0). 


The last four equations give us immediately 


Oy gig 0 Cre — 2a ek serene a eee (xxxiil), 
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Let us call the right-hand side of the first 12 of the above equations, 
A, B,C, D, EL, F, G, H, K, L, M, N respectively. Then to apply the method 
of least squares we have: 
u? = (6¢, + 12c, + 6c, — A)? + (— 6c, — 12¢; + 6c, — BP 
+ (— 6c, + 12¢; — 6e, — CY + (6c, — 12¢, — 6¢e, — DP 
+ (6c, + 6¢;+ 12¢,— H#) + (— 6c, — Ge, + 12¢, — FY? 
+ (— 6c, + 6c; — 12c, — G)? + (6c, — 6e; — 12¢, — HY 
+ (12¢, + 12¢, + 240; + 240; + 24c,+ 24¢, -—K)P 
+ (— 12¢, — 120, — 240, — 240; + 24¢, + 24¢, — DL) 
+(— 12¢, —12c, + 240, + 240, — 240, — 24¢, -- WM) 
+ (12c¢, + 12c, — 240; — 240; — 24¢, — 24c, — V)?, 
du? due 


and must differentiate with regard to the a First, de 7° and Fale =O 
Co 


lead at once to 
5o, + 40, = 5, (A —-B-C+D)+4(K-L-M+N), 
4¢,+ 5e,.=5,(H-F-G+H)+74(K-L-M+N). 
But A —-B-—C+D=0 and H—-F-—G+4H = 0, while 
‘K-L-M+N=— 88? (4, — %,41- 211+ 24,-1). 
Thus: 
CO, = — zhg O70? (24,1 — Fra — Fat HF a) reece eee, (Xxxv) 
a= — zhq 870? (211 — 41,21 — Sar tea) eee (xxxvl). 
Again i-=0 and o.=0 give us: 
Be; + 4¢0;=7,(A —-B+C-D)+4(K-L+M-WN), 
cet eae F+G—- Howe uiien L+M-—-N), 


OLS 


ed | OD) (PFs G— A) ad ei), 
6s = 58g (H-F+G-H)-(A-B+C-D)+745(K-L+M—-YN). 
But A-B+0-D=- & (4. —%,-4), 

while E-F+G-— 4H = — 86? (4, — 2,4), 


and K—- L + Nike N= aaa 618” (Zo, 1 — 4, )- 45°86” (2, 1 A, =) ae 264 aa — 2, 25). 
Thus: 


OC tnes as ot (20,1 ent 0: =e) =, Boz 648” * (Zo, 1 —~ 46, a1) seeees (XXXvi1), 

Cs = — gly 8°8? (20,1 — 20,1) — zhq 848" (40,1 — 20,1) -..(XXXVili). 
Sunilarly : a ; 

qg=- qs 4 (Ziie— <= 1,0) — hg 8°64 (41, Geen on @) eeeeee (XXXI1x), 


Cg = — gly 878? (21,0 — 21,0) — zhq 8°64 (41,0 — Fut,0) veeeee ees (xl). 
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Substituting in (xxxii) we find for our Mid-point Semi-Lagrangian Quintic: 
26, Sa Ex (20,1 cot .)+4 $0 (2, mac o) +4 t0x (4, Lee el oy at 21,1) 
x2 (1 — 46) 829,540? (1 — dy?) 8%), 4 ! 2nd 


+ £ Oy? (62, 9 + 822, 9 + 62%,1 + 64,1) } order 
+ Oy (6225, 1 — 5°25, 1) + Oy? (822, 9 — 82_1 0) 3rd 
- dey C1 — x?) (6%,1 — 6%, 1) — Fg 9 (1 — 6?) ss yg 0 Laey, 9) OLOCE 
aa gzOx (1 a) Mes 1— 87%, _, — 6” Bat O eee | 4th 
Io) Oe eee en -1) 
me @ (1 — @) Die ax? (1 — x2) 82,5 order 
— gy Py (1 — 6?) (8425, 1 — 8420, 1) — Be Ox? (1 — x?) (8/21,0 — 8424, 0) 
teyhs@ (1 — 6) (4 ~ 8) (62,9 — 542-4) = a 
+ at5x (1 — x?) (4 — x’) (64,1 — 8%20,-1) + order 


set G1 9X? (cb <, 6?) (67522; 6 — 83? bee 0) 
— i Py (1 — x?) (6°52, 1 — 8°62, 1) 
— hg Oy (1 - @) +(1 -’)} re 6°25 — 0622, 5 6th 
— §°6z_,, + 6°8%z_, _,)) order 


4, Px (1 — &) (846721 — oes =) \ 
— ghg 9X? (1 — x?) (67842, . — 8°6%z_,,9)| 7th 
Ox? (1 — 6) (828/42, 4 — 8°S4z_,, 0) order 
— abe Px (1 — x?) (846% 20,1 — 6482, 1) 


= 8 


ae. 


Comparing with the result (xxv) on p. 29 we see that the best fitting 
quintic has reproduced all the same fifth order terms as the fundamental mid- 
point formula. Or we conclude that up to. fifth order terms the fundamental 
mid-point central difference formula not only passes through the 13 nearest 
points, but is itself the best fitting quintic to the next 16 nearest points. 
It is only in the sixth and seventh order terms that a difference in the 
coefficients appears. ‘Thus unless we get beyond fifth order terms, it is not 
possible to say whether the Semi-Lagrangian Quintic is better or not than 
the fundamental mid-point central difference formula. 


Comparison of Numerical Results. 
Illustration (1). To apply the mid-point Semi-Lagrangian Quinte to the 
table on p. 30, we have simply to add the sixth and seventh order terms 
to the result ‘885,1140 (24) of the terms of the mid-point central difference 


formula up to the fifth. 
Mid-point Semi- Fundamental Mid-point 


Lagrangian Quintic Formula 
Including 5th differences *885,1140 (24) -885,1140 (24) 
6th a5 *885,1140 (26) -885,1140 (24) 


ifeetpens: (es -885,1140 (25) -885,1139 (67) 
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The degree of accuracy of the table as calculated, ie. to the seventh 
figure, does not enable us to determine which is the more accurate formula 
to the order of differences investigated. The mid-point Semi-Lagrangian 
Quintic appears somewhat steadier. I have worked out a second illustration 
where the original table is to nine figures to obtain further light on this 
point. 


Illustration Gi). Find F(p, uv) for p="7, uw='9, 1e. O=—-4, x=}, 
from the following data: 


U=°8 uw = 1:0 
p= 2 -8570,20192 -8108,17523 -7662,34889 
| a on —_ 
82 | — 1638395 — 1365891 — 1130504 
y2 | 1629207 1620035 1604047 
54 125494 109205 93896 
54 | —~ 7018 — 6816 —~ 6485 
8298/2 | an a as 
p=-4 (2,1) °8361,95349 (21,9) °7824,66908 (2,1) °7305,39359 
82 — 1723846 — 1454351 1217532 
2 1797279 1800892 1796180 
54 62567 55244 | 47938 
54 — 8266 = 8395 4 = 8207 
828”2 — 33962 — 32676 2 3133 
p= 6 (Zo, 1) °8136,46660 (Zo, 9) °7526,61942 (Zo, -1) *6936,26297 
82 — 1746730 — 1487567 — 1256622 
32 1931389 1949073 1957370 
54 33019 29898 26426 
54 ~ 9002 - 9387 — 9546 | 
82972 = 28618 = 28918 — 27359 
p=: (z_4,1) °7893,51241 (2_1,9) °7213,69409 | (z_,,,) -6554,56613 
32 — 1736595 ~ 1490885 —~ 1269286 | 
x2 2036881 2069036 2091201 | 
54 | 17735 16702 | 15211 
5/4 ~ 9248 —~ 9990 | — 10484 
2972 —~ 23891 5 224111) 4 — 23889 
p= 1-0 -7633, 19227 -6885,85991 6160, 17643 
82 -- 1708725 ~ 1477501 x 1266739 | 
52 2118482 2164888 2201143 
54 | 9529 9559 9085 
4 | — 9087 = 1015) | — 11006 
8626/2 = bE: ae | — 
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The following are the results obtained : 


Mid-point Interpolation 


General Semi-Lagrangian 
Differences Formula Quintic 

Ist. order -7056,17561 (6) -7056,17561 (6) 
2nd, -7056,74808 (9) -7056,74808 (9) 
BEL nn -7056,98834 (1) *7056,98834. (1) 
4th ,, -7056,98545 (7) -7056,98545 (7) 
dn -7056,98294 (4) -7056,98294 (4) 
[Here the two formulae start to differ and we find: ] 
6th ,, -7056,98304 (6) -7056,98304 (9) 
7th -=5; -7056,98278 (6) -7056,98304 (2) 


The computed value is °7056,98337. Accordingly both formulae give 
results correct up to the seventh figure. But the Semi-Lagrangian Quintic is 
only three points wrong in the eighth figure, while the general mid-point 
central difference formula is six points wrong in the eighth figure*. Thus 
the Quintic gives a somewhat better result than the general formula and it 
is quite easy in this instance to trace the divergence to its source. The 
seventh order terms are in the case of the general formula negative and give 
—26(0). The whole of this change (and more for the other terms are 
positive) arises from the term in the formula: 

— sobay 8 (1 — 0) (4 — 8) (9 — &) (82,9 — 5%2_1,0). 

This term arises from our starting assumption on p. 26 that the uni- 
variate interpolation shall be a curve passing through nine points along the 
axis of « (ie. of the argument p). To get the differences involved we need 
to use the table entry for p=—°‘2, and at such a point the influence of the 
border of the table at p= — 1-0 is still appreciable. This is a ridge or 
boundary where certain of the differential coefficients of the function become 
infinite, and the rapidly changing 67, 64, 6° differences are indicative of this. 


Now the Semi-Lagrangian Quintic uses only the nearest 29 points (see 
p. 48) or the points on the six nearest circles and does not involve the point 
at p=—‘2, w='8, i.e. 6° differences. This result therefore suggests that the 
principle we have already emphasised (see pp. 20, 24 and 40) may be of con- 
siderable importance. Namely, that it may be better to use formulae based 


* The following are the additional differences required for the sixth and seventh order terms : 


rf) | | me) ae | 
lveie | 428016. 1 Gu77 Mleeceny, | agree 
| 210 | +6053 O46) Wedes: | academy 
eet +14264 | +236 | +617 | +490 
%, -1 + 10297 +236 —114 +401 
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solely on next nearest points, rather than formulae which break down along 
our axes into uni-variate formulae with high degrees of axial approximation. 
If this conclusion be correct the Semi-Lagrangian Quintics investigated in 
this section of our tract may turn out to be the best available bi-variate 
central difference formulae. 


Bi-variate Central Difference Boundary Formulae. 


Just as in the case of uni-variate interpolation we may need bi-variate 
boundary formulae when the central differences only are provided in our 
table and where it is impossible to table 8”, 8 in the panel next the boundary 
and 6% in the panel once removed from the boundary. In the ordinary case 
& and 6 will, however, be given for both first and second panels. We thus 
need a Ist Panel-Ordinary and a 2nd Panel-Ordinary formula. We may 
need again to interpolate in the panels adjacent to a double boundary of the 
table. In such a case we require three formulae. Namely: 

(i) Ist Panel—lst Panel Formula, 
Gi) Ist Panel—2nd Panel Formula, 


(iu) 2nd Panel—2nd Panel Formula. 


Clearly a 2nd Panel—Ist Panel Formula can be obtained from (ii) by 
interchange of variates and need not be specially provided. 


The schemes are as follows: 


1st Panel-Ordinary and 2nd Panel-Ordinary. 
Boundary of Table 


Zo, 0 Zi, 0 


Known Known 

62; 63, of 6° 
/ / . 

) a C) e ” ” ” 
iD Jf, 46 

6 Zs 0) 2 Cy) 2 7a) ” ”» 


a is 1st Panel-Ordinary. 
B is 2nd Panel-Ordinary. 
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While the formulae provided on the accompanying sheet may suffice in 
certain cases to interpolate at the borders of a table of double entry they do 
not meet the bulk of the cases wherein the function itself terminates at those 
boundaries. Where the boundaries are merely artificial, there it is often possible 
to calculate the central differences along the boundaries, and then these formulae 
are unnecessary. On the other hand where the boundaries form a real limit to 


Boundary of Table. 
Zo, 0 4, 0 2, 0 Z3.0 


Known. 


For 2,1 6? and 6” are known 
4 14 
” 29,2 0) ” ) ” ” 
6 
» 93,3 OP - 5 Os » 


A is Ist Panel-lst Panel. B is 
2nd Panel-2nd Panel. C and C” are 
lst Panel-2nd Panel, and 2nd Panel- 
1st Panel respectively. 


Boundary of Table. 


the function, the differential coefficients of the function may not be finite at 
the boundaries, the differences will then tend to diverge and any interpolation 
formulae based upon differences be unsatisfactory. Occasionally the difficulty 
is only met with in one set of differences, say #, and not in the other y. In 
this case our formulae may provide fairly satisfactory results in the immediate 
neighbourhood of a tabled column of y values, but will not be closely 
approximate elsewhere. Occasionally also an auxiliary function may be used, 
instead of the actual function in the neighbourhood of the boundaries, which 
does not suffer from diverging differences and to which the above formulae 
can be applied. But such auxiliary functions are not always easy of dis- 
covery. For example 
a(+y)? #(1+y) he e(1+y)* 
y+2  (y+2)(yt+3) (Y+2)(y¥+3)(Y+4) 
is a function having divergent differences in the region of y negative and less 
than unity, and for which it is not easy to find an apt auxiliary function for 
tabling by equal intervals of « and y, and admitting of ordinary interpolation. 
The computer of tables is accordingly warned that in the construction of 
tables there may be grave difficulties in interpolation from a frame in what 
may be conveniently called “finial” regions. 


F(@,yy=1+ 


a 
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On the Accuracy of Central Difference Interpolation. 
Inaccuracy arises from three sources: 


(1) From our differences ultimately diverging, as when the tabled function 
has one or more of its differential coefficients at certain points or along certain 
lines infinite. There is no remedy for this except the use of special tables 
involving auxiliary functions in the neighbourhood of such regions. 


(11) We have not taken an adequate number of differences. It is perfectly 
easy to test this for any formula or case. For example take (xi) the mid-panel 
central difference formula of p. 14 of Tract II, the maximum values of the last 
coefficients are about ‘0025, actually ‘002,452, if we go to sixth differences ; and 
there will be two differences multiplied by coefficients of this order. Accordingly 
we need not include sixth differences, if they range under 100. Having found 
the order of our differences, and knowing the maximum values of our co- 
efficients, it is always possible to retain such differences as will alone influence 
the last figure of our interpolate. There is no practical necessity to evaluate re- 
siduals with the rapid convergency of the central difference formulae coefficients. 


(iii) The tabulated values may differ from the true values by something 
at a maximum slightly under half a unit in the last tabulated figure. 


We can obtain a superior limit to this the most important source of error 
for the case of central differences by remembering that our mid-panel Central 
Difference formula is an even-point Lagrangian, and our mid-point Central 
Difference formula an odd-point Lagrangian. Now we have expressed these 
Lagrangians as linear functions of an even or an odd number of ordinates, and 
evaluated the numerical values of the coefficients of these ordinates for a large 
number of cases. All we have to do therefore is to treat the ordinates as equal 
to 5, add the coefficients together as if they were all positive terms, and we 
shall reach the maximum error that can arise in the last figure of the inter- 
polate from less than ‘5 errors in the last figures of the interpolants. Before 
tabling the results reached in this manner we may remark on a point often 
overlooked by writers on interpolation, i.e. that a mid-panel central difference 
formula ought only to be used in the panel strip — ‘25 to + 25 from its centre, 
and mid-point central difference formula in the strip from —-25 to +25 round 

its mid-ordinate; thus the two formulae are supplementary, like Newton’s 
~ Oasus I and Casus I. 


Now we have not worked interpolation formulae at ‘25 of the panel breadth, 
but only at the tenths. If, however, we find the errors for 0, ‘1, *2, °3, we shall 
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have a due appreciation of what it is at ‘25, where it is practically a maximum 


for the mid-point formula; it will be a maximum for 0 in the mid-panel 
formula. 


Table of Errors of Central Difference Formulae. 
Mid-Point Central Difference (1) or Odd-Point Lagrangian (I). 


Distance from (I) to 3rd order Diff. (I) to 5th order Diff. | (1) to 7th order Diff. (I) to 9th order Diff. 
mid-point (II) through 5 points (II) through 7 points (II) through 9 points (II) through 11 points | 
| 
0 -500 ‘500 -500 -500 
‘1 ‘569 584 ‘596 -606 
2 -623 653 | ‘675 693 
3 “663 “703 ‘734 “758 
5 695 -744. ‘782 812 
0 625 695 “744 -782 
-] -620 687 “734 -769 
2 -605 663 “703 *734 
3 -580 623 653 675 
“5 500 -500 -500 -500 
Distance from | (III) to 3rd order Diff. | (III) to 5th order Diff. | (IIL) to 7th order Diff. | (III) to 9th order Diff. 
mid-panel (LV) through 4 points | (IV) through 6 points | (IV) through 8 points | ([V) through 10 points 


Mid-Panel Central Difference (IfT) or Even-Point Lagrangian (LY). 


It will be therefore clear that the maximum possible divergence of these 
formulae is about 0°6 to 0°7 in the last figure of the interpolate; the higher 
the difference used the higher the maximum. But this maximum is very far 
from the probable error likely to occur, especially in the high order difference 
formulae. In order that this maximum may occur all the tabulated entries for 
the n points would not only have to reach their maximum error, but all these 
errors would have to be of defimte sign. For n large this is exceedingly 
improbable and the result shows, what experience confirms, that an error in 
the last figure of an interpolate is exceedingly unlikely to equal °5, or with 
very few exceptions the interpolate is as accurate as the interpolants. In 
these exceptional cases its error will not exceed unity in the last figure of 
the value. 


We can compare these errors with those of the forward difference formulae 
by the simple process of remembering that forward difference interpolation is 
merely central difference or Lagrangian formulae interpolation applied to an 
end-panel. Thus from Equations (a) (11), (8) (iv), (vy) Gx), (6) (x) of Tract IT 
of this series we find at the mid-point of the panel when using forward 
differences for 3, 5, 7 and 9 differences maximum errors of 1:086, 2°132, 4°810 
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and 12°330*. These errors may not be often reached but they serve as com- 
parative criteria, and show the great superiority of the central difference 
formulae. 

It remains to consider how far errors of the uni-variate central difference 
formulae are increased when we pass to bi-variate central difference formulae. 
These formulae are far more troublesome to deal with as the general 
Lagrangians which have to be determined are very cumbersome. I have 
therefore confined myself to two special cases with the following results. 


Mid-panel Bi-variate Difference Formula. Equation (iv), p. 8. 


Proper area for application: 6=$+4, y=4+4, up to and including 
fifth order differences. 


6= d=x=Pe=ht: Maximum Error = ‘922, 
a SE oak a aes » eee 
O=1 b=Bx=4=4: oy 865. 


Mid-point Bi-variate Difference Formula. Equation (xxvii), p. 29. 


Proper area for application: @=0 +4, y=0 + f, up to and including fifth 
order differences. 


6=0, y=0: Maximum Error = ‘500, 
6=0, y=4 »” ” = WE 
eee ee 003 


The reader who will compare these results with those for the uni-variate 
formulae on p. 52, comparing the latter for the fifth difference column, will see 
that at the limits of the proper field of application the maximum errors 
in the bi-variate formulae are about 1°3 to 1'4 times the maximum errors in 
the uni-variate formulae. The bi-variate formulae are thus unlikely to lead 
to an error greater than one in the last figure. Indeed the chance of an error 
of unity is, I think, very much smaller for the bi-variate than the uni-variate 
formulae. For to obtain an error of ‘695 in a uni-variate result from a mid- 
panel formula, it would be needful for seven entries all simultaneously to have 
their maximum errors, and a definite, i.e. non-random system, of signs to exist 
for these errors ; but to obtain an error of ‘922 in the corresponding bi-variate 
results no less than twenty-five entries must take their maximum error values 
simultaneously, and these errors must in each case be of a definite sign ! 

* Slightly larger maximum errors will be found at about ‘4 instead of -5 of the panel from the 
start of the series, but the above values are adequate to indicate the size of error. 
+ Thus the following must be of one sign : errors in Z,3, 2),2, 22,15 20,15 21,19 2-209 20,09 “1,03 


23,05 2-1, -1 22,-1) %0,-2) %4,-2, but the errors in 2,9, %,2, 21,1) 2,1) 23,0) 21,07 22,05 2-9, -15 
Zine ial Fal, 29) 20,3 aust all be of the opposite sign. 
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It is, | think, safe to assert that if we interpolate into either a uni-variate 
or bi-variate table by central difference formulae with the adequate number 
of differences, there will hardly ever be an error introduced into the value of 
the interpolate to the same number of significant figures. In the construction 
of tables from frames, if the frame entries run to (n + 1) figures and we proceed 
by Lagrangian or central difference interpolation to insert the values for a 
complete table we can cut down to nm figures and be quite certain of the 
accuracy of our entries to the thus tabulated n figures. 
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